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Abstract

The minimum cut and minimum length linear arrangement problems usually occur in solving
wiring problems and have a lot in common with job sequencing questions. Both problems are
NP-complete for general graphs and in P for trees. We present here two parallel algorithms for
the CREW PRAM. The first solves the minimum length linear arrangement problem for trees
and the second solves the minimum cut arrangement for trees. We prove that the first problem
belongs to NC for trees, and the second problem is in NC for bounded degree trees. To the
best of our knowledge, these are the first parallel algorithms for the minimum length and the
minimum cut linear arrangement problems.

1. Introduction

Given a graph G = (V,E) with |V| = n, a layout of G is a one-to-one mapping
@ from V to the first n integers {1,2,...,n}. The term layout is also known as /in-
ear arrangement [14,13]. Notice that a layout ¢ on V' determines a linear ordering
of the vertices. Given a natural i, the cut of the layout at i is the number of edges
that cross over i, i.e. the number of edges {u,v} € E with ¢(u) < i<o(v). The
cutwidth of ¢, denoted by y(@,G), is the maximum cut of ¢ over all integers from
1 to n. The length of ¢, denoted by A(¢,G), is the sum over all edges (u,v) of
() — @(v).

Graph layout problems are motivated as simplified mathematical models of VLSI
layout. We can model a VLSI circuit by means of a graph, where the edges of the
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graph represent the wires, and the vertices represent the modules. Of course, this graph
is an oversimplified model of the circuit, but understanding and solving problems in
this simple model can help us to obtain better solutions for the real-world model (see
the surveys by Shing and Hu [12], and Diaz [4]).

In this paper we shall consider two layout problems. The first problem is called the
minimum linear arrangement (MINLA) problem. Given a graph G = (V,E), find the
layout ¢ which minimizes A(¢,G). The MINLA problem is NP-complete for general
graphs [8]. Due to the importance of the problem, there has been some work trying
to obtain polynomial-time algorithms for particular types of graphs. For instance, Even
and Shiloach proved that the problem remains NP-complete for bipartite graphs [6].
Adolph and Hu gave an O(nlogr) algorithm for the case that the graph is a rooted
tree, where n is the size of the tree [2]. Finally, Shiloach soived the problem for
undirected trees by an O(n??) algorithm [13].

The second problem that we shall consider is the minimum cut linear arrangement
(MINCUT) problem. Given a graph G = (V,E), find the layout ¢ that minimizes
the cutwidth y(¢, G). An important special case of this problem is the graph bisection
problem; find a partition of 2n vertices into two subsets of size n such that the cutwidth
between the two subsets is minimized. The MINCUT problem is NP-complete for
general graphs [7], weighted trees and planar graphs [11]. The graph bisection problem
is also NP-complete [8]. As in the case on the MINLA, the MINCUT has a history
of results for particular types of graphs. Harper gave a polynomial-time algorithm for
the n-dimensional hypercube [9]. Chung et al. [3] presented an O(n(logn)?~?) time
algorithm to solve the MINCUT problem on trees, where d is the maximum degree of
any vertex in the tree. Yannakakis gave an O(nlogn) algorithm for the case that the
graph is an undirected tree [14].

We present here two parallel algorithms. The first one solves the MINLA for undi-
rected trees in O(log”n) time using O(n23'°¢") processors on a CREW PRAM. The
second algorithm solves the MINCUT for undirected trees of maximum degree d in
time O(d log’n) using O(n?/logn) CREW PRAM processors. To the best of our
knowledge, these are the first parallel algorithms for the above problems.

2. A parallel algorithm for the MINLA problem on trees

2.1. Preliminaries

Let ¢ be a layout of a tree T of n vertices. ¢ is a minimum length layout of T
if there is no other layout with smaller length. Let @ denote the layout obtained by
reversing the order of the vertices. Note that (¢, T) = A(p,T).

Let v be a vertex of 7. Deleting v and its incident edges from 7, yields several
subtrees of 7. Each of them is called a subtree of Tmodv. For each edge (v),v)
there is a unique subtree T’ of 7 modv such that v/ € T'. The vertex v’ is the root of
T’ modv.
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Definition 1. A central vertex of T is a vertex vy such that if 7, 7),..., 7T} are all the
subtrees of 7 mod v, then the number of vertices in each T;, for i = 0. 1,... k. is at
most |n/2].

In [13] has been proved that for each tree 7, there exists a central vertex .

Let 7y be a subtree of T mod v, and let vy be its root mod v. Assume that we want to
compute a minimum length layout of 7. Computing minimum length layouts of 7, and
T —Ty separately is wrong since we have no control on the length of the edge (vy, ¢). In
order to take into account this edge we consider right and left anchored trees. Let T be
an n-vertex tree, let ve T, and let ¢ be a layout of 7. T is called right anchored at v,

and is denoted by 7(0) when its length is defined by A(¢, ?(v)) = o, TYy+n— o).
T 1s called left anchored at v, and is denoted by 7(17) when its length is defined by

(@, ?(U)) = M, T)+@(r)— 1. In other words, in the length definition of a layout for
a right (left) anchored tree, we consider an extra edge that covers the distance between
v and the rightmost (resp., leftmost) vertex of 7. Notice that finding a minimum length
layout for right and left anchored trees is equivalent, since by reversing the order of
the vertices a right anchored tree becomes a left anchored tree, while the total length
remains unchanged. When considering all the subtrees mod v, all the anchored subtrees
will be anchored at their root mode. In such a case we will not state explicitly the
corresponding root.

In the following, we use T'() to denote a tree, with o« =0 for free trees and » = 1
for anchored trees. Further, A(T, v, %) denotes the minimum length of a layout for T(x)
where v is either the vertex at which the anchor is connected to 7, if « = I, or
a central vertex of 7T, if % =0. In both cases, we refer to the vertex v as the roor of
the tree.

Let 7,...,T; be trees, and let n; denote the number of vertices of T;, i = 1..... k.
In order to simplify notation we will use (71(x),.... Ti(%)), where ;=0 1f 7; is a
free tree, and a; = 1 if 7; is an anchored tree, for 1 <i<k, to represent the layout ¢
obtained from the layouts of the subtrees 7;, 1 <i <k, which are composed together in
such a way that the following holds:

=] J
Yo <)<Y on
i=1 i=1

for all v€7; and for all 1<j<k.

Let v be the root of a tree T(x), and let Ty, T),...,7; be all the subtrees of
T(a2)modv. In the sequel, we will assume that the subtrees are numbered so that
no=n = ---=n;, where n; denotes the size of 7;, i = 0,1,...,k. Furthermore,
T —{Ty,..., Ty} denotes the tree obtained by removing the vertices of Ty,...,T; and
their incident edges from T.

We define p(T,v,2) as the value of the greatest integer p satisfying n; > L%(n(,
+2)|+[$(ns+2)] for i = 1,2,...,2p—a, where nx = n—S"7 % n; and n is the number
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of vertices of 7. If such a p does not exist, then we set p(7,v,a) = 0. We will denote
by T« the tree T(a) — {Ti,..., Top—a}, for p= p(T,v,a).

We state now the main result given in [13]. For motivation and more detailed dis-
cussion of the result, we refer the reader to the original paper by Shiloach [13].

Theorem 1 (Shiloach [13]). Let T(x) be a tree with root v«, and let Ty,... Ty be all
its subtrees moduvx. Let p = p(T,v,a) and T« =T — {T\,...,Top_u}.
(@) If p =0 then, if « = 0 then T(a) has a minimum length layout of type
—
A=(Ty, T — R) (see Fig. 1(a)), with length

W@, T) = M@, To(ve)) + M, T — To(vx)) + 1

else (i.e., o = 1) T(x) has a minimum length layout ¢ of type A = (70,T —Ty) (see
Fig. 1(b)), with length

o, Ty = M@, To(vo)) + A, T — To(vx)) + 1 — no,

where n is the number of vertices of T(a), and ng is the number of vertices of T.
(b) If p > 0 then T(a) has a minimum length layout of type A (defined as in

—- = — — — =
case (a)) or of type B = (T, Ts,..., Top_1, Tx, Top_24,..., T4, T2) (see Figs. 2(a)
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and (b)), with length
2p—1 N 2p—2x ) P
Ho.T(a)= > Mo, TiwiN+ 3 Mo, Ti(v:))+ Mo, Tx) + S,
i=1,iodd i=1,ieven

where
So = (n3 +n4)+2(ns +ne) + -+ (p— 1)nyp—1 +np) + plnx + 1),

Si=(m+n)+2ns+ns)+-+(p— Dnyp—2+np)+ px+1)—1,
with n; being the number of vertices of T; for i€{0,...,2p—a}, and nx = n—=3"5"n;.
Fact 1 (Shiloach [13}). (a) If ¢ is a minimum length layout of T(2) of type A, then
©/Ty (@ restricted to Ty) is a minimum length layout of ﬁ(vo) and o/T — Ty (¢
restricted to T — Ty) is a minimum length layout of T — To(v«) (or T — Ty if 2 = 1).

(b) If @ is a minimum length layout of T(a) of type B, then @/T; (@ restricted to
T;) is a minimum length layout of Ti)(v,-), fori=1,3,....2p— 1, and of <7,-(1:,-)]'(”
i=2,4,....2p =20 @/Tx is a minimum length layout of Tx.

The design of the sequential algorithm is based on the decomposition given in
Theorem 1. The correctness of the algorithm comes from Theorem 1 and Fact 1. Using
the parameter o, the algorithms for free and anchored trees are combined
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together. Each of them recursively computes a minimum length layout of a tree T
from minimum length layouts of its subtrees. Notice that if p(7,v,2) > 0, then the
algorithm computes both types of layouts and takes the one with the smaller length.

2.2. The parallel algorithm

Our parallel algorithm for the MINLA problem will be divided into two stages.
In the first stage, starting with 7, we recursively decompose each tree into subtrees until
all subtrees have size one. At the same time, we keep the appropriate information that
will allow us to compute a minimum length layout of each tree from minimum length
layouts of its subtrees. In the second stage, we reconstruct the layouts, until we get
a minimum length layout for the whole tree 7. We only present the decomposition stage
and specifically, the decomposition of both free and anchored trees. The reconstruction
stage can be easily derived in view of the decomposition ore.

The decomposition of free and anchored trees is based on Theorem 1 and exploits
the properties of type 4 and B layouts, as well as the properties of the central vertices
and the parameters p(7,v,%). We first prove the basic lemmas used for deriving the
decomposition of free and anchored trees.

Lemma 1. Let T be a free tree with central vertex vy, and let Ty,... T, be all its
subtrees modvx. Let p = p(T,vx,0), nx = n — ?i’oni, and Ty =T —{T,..., Top}.
If p>0 then |T«|<n/2, ic., the number of vertices of Tx is at most n/2, where n is
the number of vertices of T, and n; is the number of vertices of T; for i€{0,...,k}.

Proof. As p>=1, we have

ny+2 nx + 2 ny + 2 Rapy1 + o+ +3
> =
o= | [ = e

Thus, 2n2, > ng + ngpyt + - - + ng + 1 = |Tx|. Furthermore, 2p > 1, thus 2n;, <n; +
<ot nyy. As ng+np+ -+ + 1 =T, we get [Tx| <n/2. O

Lemma 2. Let T be a free tree with central vertex vx, and let Ty, T\ be the two
heaviest subtrees modvs. If |T — {To,T1}|=n/2 then vx is a central vertex of
T — {To, T}, where n is the number of vertices of T.

Proof. As the size of T — {7, 1} is n — ng — ) and, all »; are sorted, we need only
to show that ny < %(n —ng — ny) to prove that vx is a central vertex of T — {Tp,T1}.

Suppose that n, > %(n—no —ny), then 2ny > n—ng—n; > n/2. Thus ny > n/d. As n;
is smaller than ny and ¢, we have that no+n, > n/2. But this implies n —ny—n; < n/2,
and we get a contradiction.

Lemma 3. Let T be tree anchored at v, and let Ty, ..., T, be all its subtrees mod vx.
Let p = p(T,vx,0), and Tx = T —{T,...,Top—1}. Then, if p >0 then |Tx|<3n/4,
where n is the number of vertices of T.
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Proof. Let n, = |T«|. We consider two cases, depending on whether 1y =n/2 or not.
Cuse 1. ny <n/2: In the case that p > 1 we have to remove at least three subtrees
from 7, and using the same argument as in Lemma 1 we get n, <n/2. When p=1,
we have ny > "5 that is ny >n/3. As n, = n —n; we get n, <2n/3.
Cuse 2. ng=n/2: Notice that in this case p <2 because otherwise, ny, 12,13 must be
bigger than ny/2 (from the definition of p) that is, bigger than »/4 and thus, 5, could

not be bigger than #n/2. When p=1 we have that n; > ny/2 and therefore, n, <3n/4.
—

The decomposition stage consists of a number of phases. The size of the trees which
are decomposed during phase i is at most #/(4/3)". Therefore, in O(logn) phases we
have trees of size one.

Free tree decomposition. The idea of the decomposition in the case of a free tree,
is as follows. Let T be a free tree of size n, and let v« be its central vertex. According
to Theorem 1, if p(7,v%,0)=0 then 7 has a minimum length layout of type 4, while
if p(T,v%.0) >0, then a minimum length layout of 7 is computed as the minimum of
type 4 and type B layouts. To simplify our discussion, we will consider the case that
P(T,v%,0) > 0. (This case is more general in the sense that both type 4 and B layouts
should be computed.) Notice that all subtrees that appear in the type B layout have size
smaller than n/2 (7; by the central vertex property and T4 by Lemma 1). Therefore,
the size of the problem is reduced by a constant factor and in O(log#n) phases we will
have trees of constant size. In the case of the type 4 layout, if T — Ty has size at most
n/2 then the size of the problem is reduced by a constant factor. Otherwise, we have

to further decompose the tree T — Ty(vx) in the current phase. Notice that the root is
still ¢4, therefore, the largest subtree is 7;. Now a layout of type B again verifies the
properties according to Lemma 3. In the case of the type 4 layout, if T — {7, 7} has
size at most #/2 we are done, i.c., the size of the problem has been reduced. Otherwise,
we have to further decompose 7 — {7, 71 }. But from Lemma 2, vx is still a central
vertex for this tree thus, its subtrees mod vx are 75, ..., 7. The above procedure should
be repeated until the size of the derived subtrees is less than or equal to n/2. Note
that the procedure should be repeated for at most f§i times, where f§ is the first index
for which |T" — {To,..., Tg}| <n/2.

Before we give the algorithm for the free tree decomposition we need the following
definition.

Definition 2. Let 7,..., T; be subtrees of T'(x). Let 7, = T(a)—{T1,.... Tx}, m = |T}],
forie{l,....k} and ny2n = - - 2ng. A balanced layout of the subtrees T,,..., Ti, Ty
is the layout

— - — — = —
(T T3, Tsoo. .. T, ..., Ts, T, T3).

If ¢ is a balanced layout of T),....7%, Ty, and n, = |T;|, then the length of ¢ is
computed as in the following lemma. We assume that & is even (the case that & is
odd is similar).
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Lemma 4. Let T,..., T} be subtrees of T(a) and Ty = T(x) — {T',...,Tx}. If @ is a
balanced layout of T\,..., Ty, Ty then

k=1 N k -
Mo, T(@)= S Mo T+ > Mo, Ti)+ M@, Ty) + O,

i=1,i odd i=1,i even

where

Qo= +ng)+2(ns+ng)+ -+ (k/2 — D)ng_1 +m) + k/2(np + 1),
Q1= +m)+2ns+ns)+ -+ (k/2 — )(mg—2 + n4—1)
+k[2(ng 4+ np + 1) — 1.

Proof. The proof is by a straightforward calculation using the subtree sizes, which
follows from the definition of a balanced layout, and the elementary definitions of the
length of free and anchored tree layouts. [

Fact 2. If ¢ is a minimum length layout of T(x) computed as a balanced layout
—
of Tv,..., Ty, Ty, then @/T; (@ restricted to T;) is a minimum length layout of T; for

i=1,3,...,k—1, and of?i for i =2,4,... k. /T, is a minimwn length layout
Of Tb.

Proof. The proof is immediate since Q, for x€{0,1}, is independent of ¢. O

The decomposition of a free tree T of size », is obtained as follows.

1. Compute a central vertex vx of 7.

2. Compute in parallel the sizes of the subtrees of 7 modvs. Let Ty,...,T; be the
subtrees of T modv«, and |7} >|T;1|, for all i€{0,...,k — 1}.

3. Compute f§ the first index for which |T — {Ty,..., Tz} | <n/2.

4. Let po= p(T, vx,0) and By be the layout ( T}, T5,..., Tapo—1, Toes Tapos---» Ta, T2).

5. Foreachi=1,...,8
5.1. Compute in paratlel p;= p(T —{Tg,..., T;— 1 },vx,0;), where o; =0 for i even,

and o; =1 for i odd. If p; = 0 then B; is empty. Otherwise, B; is computed

in step 5.3.
52. Let Ty =T —{To,..., Ti—1, Tix1... Tix2p,— }» Where o; =0 for i even, and
a;=1 for i odd.

5.3. Let B; be the balanced layout of To,...,T;—1, Tisi,... Titop —u» Ta(o;) (see
Definition 2).
6. Let TE*' = T —{Ty, Ti,..., Ty}. Let By, be the balanced layout of Ty, T}, ..., T,
T (agy1), where ag,, = 1 if B is even, and oy, =0 if f is odd.
Let T be a free tree, and v« be a central vertex of T. Let 7y,...,T: be all the
subtrees of T mod vx. Let f8, B;, for i€ {0,1,...,8+ 1}, be as they are defined above.
Then we have the following.
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Lemma 5. 4 minimum length layout of T can be computed as the layout out of B,
i=0,....8+ 1, which attains minimum length. Furthermore, the size of all subtrees
that appear in any such layout is at most 3n/4.

Proof. Let T be a free tree of size n. Notice that all subtrees that appear in the
type B layout have size smaller than n/2, T; by the central vertex property and T
by Lemma 1. This layout is By. If T — Ty has size at most #/2 we are done, be-
cause f§ = 0. Note that the size of each subtree in By is at most n/2. Otherwise, we

have to decompose the tree 7 — Ty(vx ). Notice that the root is still vx, therefore, the
largest subtree is 7). Now a layout of type B again verifies the properties according
to Lemma 3. Furthermore, putting 7y on the left it corresponds to layout B,. The size
of each subtree in B, is at most 3n/4. If T — {7,,T|} has size at most n/2 we are
done; layout By, = B, is the balanced layout of To(1),77(1).7 — {To,7T:}. Notice
again that the size of each subtree in By, is at most n/2. Otherwise, we have to fur-
ther decompose T — {7y, T1}. But, from Lemma 2, v4 is still a central vertex for this
tree therefore, its subtrees mod vy are 7T>,..., 7. The procedure is repeated for at most
p times, and the layouts B;, for i =0, 1,..., [+ 1, are obtained. Notice that the subtrees
that appear in the above layouts have size at most 3n/4. Notice also that the layouts
B; for i =0,1,...,f + 1, have been obtained by simply combining type 4 and type B
layouts of subtrees of 7 moduvx, in a way that the sequential algorithm would follow.
Therefore, a minimum length layout of T can be correctly computed as the layout out
of B, for i = 0,1, + 1, which attains minimum length. The lengths of these layouts
can be computed using Theorem 1 and Lemma 4. [

Anchored tree decomposition. Before we give the anchored tree decomposition we

. .. . — .
introduce some additional notation. Let 7 (v«) be an anchored tree of size n. We

will denote by T, T/,... its subtrees modvs sorted by size, and by vJ,t¥,... the

—
corresponding roots mod vx. Recursively, whenever we have an anchored tree T;(vy),
by 7.t T/!,... we will denote its subtrees mod v, and by ¢i™',¢i™!, ... we will denote

their corresponding roots mod v}

The idea of the decomposition of T (vx) is based on the following. If 1o = KNS
|n/2] then vy is a central vertex and 7(0* )’s decomposition is similar to the de-
composition of a free tree. Consider now the case where ny > |n/2]. According to
Theorem 1, if p(?, Ux, 1) =0 then 7 has a minimum length layout of type 4, while

if p(?,v*, 1) > 0 then a minimum length layout of T is computed as the minimum
of type 4 and type B layouts. As in the case of the free tree decomposition, to simplify
our discussion we will consider the case that p(?, Ux, 1) > 0. From Lemma 3, since
mo=n/2, p( ? vx, 1) cannot be bigger than 1. Therefore, the two trees that appear
in the type B layout have size smaller than 3n/4 (T has size smaller than 7, and
Tx = T—T) by Lemma 3). Therefore, the size of the problem is reduced by a constant
factor and in O(logn) phases we may have trees of constant size. In the case of the
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type 4 layout, note that T — T, has size at most n/2. If T has also size smaller than
n/2, then the size of the problem is reduced by a constant factor. Otherwise, we have

to further decompose the tree E? in the current phase. Now a layout of type B again
verifies the properties according to Lemma 3. In the case of the type 4 layout, if 7, (1)
(i.e. the anchored tree 7)) has size smaller than n/2 we are done, i.e., the size of the
problem has been reduced. Otherwise, we have to further decompose T, (1). Note that
the above procedure should be repeated for at most y times, where y is the first index
for which |T]| <n/2.

Therefore, the decomposition of an anchored tree _f(v*) is obtained as follows.

1. Compute y the first index for which |7]| < n/2.

2. 1f p(T,vx,1) = 1 then let Iy = (T:O,T— T9)
3. Foreachi=1,...,y:
3.1. Compute in parallel, p; = p(T{, v}, 1). If p; = 0 then I is empty. Otherwise,
I'; is computed in step 3.2.

- ,
3.2. Let I; be the layout (5'(vi), 77" — T4,..., 18 - T}, T — T).

— X

4. Let I,y be the layout (7;, 7T, b Ty, T = T§, T — T). In the case that the

size of T)~' — T} is bigger than 3n/4 apply the free decomposition on it, until the size
of each of 7™' — T’s subtrees is smaller than 3n/4.

Let ?(v*) be an anchored tree and let y, I}, for i € {0,1,...,7 + 1}, be as they
are defined above. Notice that all subtrees appearing in the I; layouts, for i = 0,..., 7,
have size smaller than 3n/4. The only tree that can have big size in the I}, layout,
is 7;"' — T). In such a case we decompose it according to Lemma 5, taking as a
parameter the size of the original tree.

Lemma 6. A minimum layout for an anchored tree T can be computed as the layout
out of I, i = 0,1,...y + 1, which attains minimum length.

The proof of the previous lemma follows from the above discussion. The length of
each layout I}, for i = 0,1,...,y 4+ 1, can be easily computed from the lengths of the
layouts of the subtrees that appear at it. Notice that the extra length that should be
added due to the anchors, depends only on the size of the subtrees.

We can now prove the following theorem.

Theorem 2. Given an undirected tree T with n vertices, there exists a parallel algo-
rithm that computes a minimum length layout of T. The algorithm needs O(log” n)
time using O(n*%) CREW PRAM processors, where n is the size of the tree.

Proof. The algorithm consists of two stages. In the first stage (decomposition stage),
the tree is decomposed into subtrees of size one. The decomposition stage consists
of O(logn) phases. At phase i, a number of subtrees of size at most n/(;—‘)i are de-
composed into a number of subtrees of size at most n/(%)"“. (At phase 0 the whole
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tree 7 is decomposed into subtrees of size at most 3n/4.) A free tree is decomposed
using the free tree decomposition procedure, and an anchored tree using the anchored
tree decomposition procedure. During the decomposition phases, we keep the neces-
sary information that will be used to compute a minimum length layout of a tree from
minimum length layouts of its subtrees. Therefore, appropriate expressions that keep
the lengths of layouts B; and I; (as they are defined in the free and anchored tree de-
composition procedures) are kept. Those expressions will be used at the second stage
of the algorithm (reconstruction stage) to compute the minimum length layout of T, by
first computing minimum length layouts of the subtrees constructed at the decomposi-
tion stage. Notice that the reconstruction stage consists also of O(logn) phases. The
correctness of the algorithm follows from Theorem 1, Fact 2, and Lemmas 5 and 6.

Before we discuss the implementation details of our algorithm, as well as its com-
plexity, we first discuss the way the trees are represented. Each tree will be represented
by a linked list keeping an Euler tour representation, together with a mask that keeps
which vertices of the original tree are present in it. This mask will also contain pointers
to the linked list. To distinguish between free and anchored trees we keep the param-
eter o and the corresponding root for anchored trees. We record in a matrix, pointers
to the subtree masks that form part of any of the layouts in a decomposition phase,
together with the additional information required to trace back the length of any layout.

A central vertex of a free tree T,, of m vertices, can be computed in time O(logm)
using O(m?) CREW PRAM processors. This is done as follows. We compute for cach
edge the sizes of the two subtrees using the Euler tour technique [10], and compute the
difference of subtree sizes. We take as central vertex the root of the heaviest subtree
corresponding to an edge of minimum difference.

Once we have the central vertex of a free tree, we have to compute subtree sizes
(now the tree is rooted) using the Euler tour technique, and sort subtrees by size. From
the tree sizes using suffix sums we compute f, po, pi,..., pg. Consider the free tree
decomposition. There are two ways to create new subtrees at each decomposition phase
of a free tree. First, trees obtained just removing an edge, i.e., all subtrees mod ¢ for a
given root v. Second, the union of some of the subtrees mod v rooted at a “new” copy
of v. In the first case, we compute the corresponding subtrees by removing the root
and running a rooting algorithm (in parallel) for each root modwv, in order to separate
subtrees. This part will be the basic step for the second case; now we just have to
merge the corresponding trees adding a new vertex as root. So for a tree of size m,
we can maintain the tree representation using CREW PRAM O(m?) processors in time
O(logm).

In the case of an anchored tree T, the root of T, is the vertex in which the anchor is
connected to 7. We first compute subtree sizes using the standard Euler tour technique,
and then again with the same technique, we find a path of roots of trees of maximum
cardinality. Finally, using suffix sums we compute the index 7. From the anchored tree
decomposition, it is easy to compute the representation of each subtree.

Taking into account that the sum of the sizes of the trees obtained in the decom-
position of a tree T, is at most 3 times the number of vertices of 7,, the number
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of processors needed in any phase is at most 3 times the number of processors in
the previous one. Thus, the maximum number of processors needed by the algorithm
is 038 "»2) = O(#*>®) . Furthermore, the time used in each phase in the first and
second stage is O(logn). Thus, the algorithm needs O(log® n) time and O(n*®) CREW
PRAM processors. [J

3. A parallel algorithm for the MINCUT problem on trees

In this section we give an O(n?/log n)-processor, O(d log2 n)-time parallel algorithm
which finds a minimum cut layout of a tree 7 of maximum degree d, where n is the
number of vertices of 7.

For each vertex v € T, the parallel algorithm proceeds as follows: Let 7, be the
tree that contains all the vertices of T' and is rooted at v. The algorithm converts T,
into a binary tree Ty and then applies the parallel tree contraction technique to Ty
to compute a minimum cut layout of 7,. Let ¢, be a minimum cut layout of 7,. The
layout ¢,, ve T, with the minimum cutwidth is output as a minimum cut layout of 7.

Before we describe the algorithm we give some terminology and definitions.

3.1. Terminology and definitions

Let T be a tree which we convert into a binary one Ty. Let v be a vertex of T
with degree d and let wy,...,wy be its children. Then, the vertex set of 7; includes
vertices v!,...,v9"". For 1<i<d, v’ is the right child of v/ in Ty (see Fig. 3). We
will say that the vertices v, 1 <i<d, are of the same label since they are coming from
the same vertex of T (e.g., in Fig. 3 the vertices v and v?*! are of the same label
while w) and v? are not).

With each vertex u € T, we associate two pieces of information: (i) A layout se-
quence, ¢,, realizing the layout of the subtree rooted at u and u’s position in this layout
and (ii) a cost-sequence, cost(¢,) of the layout sequence ¢, defined in the sequel.

(In the sequel, we will use ¢, to denote both the layout of a tree T, rooted at u,
and the layout sequence realizing the layout.)

Given a layout ¢, for the subtree rooted at u, (leficost(p,)) is a sequence (y1,71,
Y2,42,...) where parameters y; and #; are defined as follows: y| is the largest cut
(in ¢,) occurring on the left side of u. Let w; be the point where the cut of y; occurs.
If wy is immediately to the left of u then {leftcost(u)) = (y;). Otherwise, let 1| be
the smallest cut between w; and u and let w, be the point closest to u where n;
occurs. Suppose that y; is the maximum cut between w, and u and wj is the point
closest to u where y, occurs. If y» = #; or ws is immediately to the left of u then
(leftcost(u)) = (y1,m1,72). Otherwise, we continue similarly by taking the smallest cut
between ws and u. (rightcost(u)) is a sequence (}}.#(,75,...) where y] is the largest
cut in ¢, occuring on the right side of u. The rest of the sequence is defined in a
way similar to that of (leftcost(u)) but we now work on the right side of u. Clearly,
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When y; = | we say that the layout ¢, is balanced; otherwise, it is unbalunced.

Definition 3. Let ¢, be a layout sequence and let vy, y|, leficost(¢,), rightcost(¢,)
be as they are defined above. Then the cost of the layout ¢, is 7, = max{y,,7]}. and
the cost-sequence of the layout @, is cost(¢,) = (leftcost{@,), *, rightcost(p,)) where
the “x” denotes the position of u.

The algorithm involves comparisons of cost sequences in order to construct a min-
imum cut layout of a subtree rooted at v using the minimum cut layouts of subtrees
rooted at ©’s children. This is motivated by the fundamental work of Yannakakis [14].
In the sequel, we describe how we compare cost sequences.

Let @ and b be the two subsequences of a cost sequence cost. If a # b, and neither
is a prefix of the other, then a > b iff a is lexicographically larger than b. If ¢ is a
prefix of b and a ends with a y; entry, then a > b, while if a ends with a #; entry, then
a < b. If leftcost(@,) > rightcost(@,) then we call the left side of ¢, (with respect to
the position of u) heavy side, and the right side of u light side.

Let cost) = (heavyside,, x, lightside ), costy = (heavyside,, =, lightside,) be two cost
sequences corresponding to two layouts for the same tree. Let heavyside, =7, 11, 7.
Nai, ... and lightside; = ¥\, 1,75 a;» - - - for i€ {1.2}. To compare the cost sequences
costy and cost,, we construct the sequence compare; = (3, N 75Ny -- ), for i€ {1,2},
as follows: If y|; # }’], then v{, = 1, and compare, = (). If y1; = 7|, and there are
no next entries 7y;, 1}; in heavyside;, lightside;, respectively, then let = 7, and
compare; = (y,,7;). If only one of the heavyside; or lightside; has an entry following
71 or ¥5; then call that entry #§, and let compare, = (;5,,n5;). If m; # n; then let

/11
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n5; = ny; and compare; = (5, 15;). If n1; = #n}; then in the case that y,; = ny; or
Vi # Vo let 15, = nu, ¥5; = 2 and compare; = (Y5, 75;,75;). In the case that y5; = 75,
we continue in the same way as in the case (above) where y1; = v},

We say that cost; = cost, iff compare, = compare,. If the sequences compare, #
compare, and neither is a prefix of the other, then cost; < cost; iff compare, is lexi-
cographically smaller than compare,. If compare, is a prefix of compare, and compare,
is of odd length then cost; < cost, while if compare, is of even length then cost; <
cost;. Note that < is a transitive relation.

Definition 4. Let T, be a tree rooted at a vertex u, and let ¢, be a layout of 7,. @,
is optimal iff there is no other layout ¢/ of T, such that cost(¢)) < cost(¢,).

3.2. The parallel algorithm

The parallel tree-contraction algorithm (see [1]) evaluates the root of a tree 7 by
processing a logarithmic number of binary trees Ty, T1,..., Tk, kK = O(log|T|), where
To = T and T} contains only one vertex. Also, |T;|<¢|7;—1|, 0 <& < 1. The tree T; is
obtained from 7;_; by applying a local operation, called shunt, to a subset of the leaves
of T;_,. The shunt operation of our algorithm involves the construction of an optimal
layout for a subtree T,, rooted at a vertex v, using optimal layouts of the subtrees
T,.,...,T,, rooted at v’s children, vy,...,v;. The correctness of the approach is based
on the following fact proved by Yannakakis [14]. Let 7 be a tree that consists of two
rooted trees Ty, 7 rooted respectively at vertices vy, v, and the edge {v|,v2}. Then the
cutwidth of 7 depends on the cost-sequences cost(@;), cost(¢;) of the optimal layouts
¢, and ¢, of T) and T, respectively. Furthermore, the cutwidth of 7 is a monotonic
function of both cost(¢;) and cost(@y), i.e., if we replace Ty by another tree 7| with
optimal layout @] and cost(¢ )< cost(@|) or cost(¢;) = cost(¢}), and replace T» by
another tree T, with optimal layout ¢} and cost(¢;) < cost(@}) or cost(¢,) = cost(@h),
then the cutwidth of the resulting tree 7’ is at least as large as the cutwidth of 7.

The shunt operation involves two merge-operations on the layout sequences:

Merge-operation A: Let T,, be a tree rooted at a vertex u. 7,, consists of two
trees T,, T, (rooted at u, v respectively) and the edge {u,v}. Suppose that ¢, and ¢,
are optimal layouts of 7,, T, respectively. The merge-operation 4 uses ¢, and ¢, to
compute an optimal layout ¢,, of T,,.

Merge-operation B: Let T, be a tree rooted at u with children u,,...,u; and T, a
tree rooted at v with children vy,..., v, . Suppose that we are given the optimal layouts
of Ty, T,. The merge-operation B computes an optimal layout ¢,, realizing a layout of
the tree T,, which is rooted at u and has as children the children of both 7, and 7.

We give now the shunt operation of the tree contraction technique. Suppose that /;
is the leaf which is ready to perform the shunt and that f; is the father of I;, p(f;) is
the father of f; and f; is the other child of f;. Suppose also that optimal layouts of
l;, fi. f7, p(fi) are given. For the sake of simplicity in the notation, assume that these
layouts are denoted by c(/;),c(fi),c(f;),c(p(fi)), respectively. In the sequel, f;; will
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be the vertex which is the result of the shunt operation. 4 and B will denote the merge

operations. We will use A(¢,, ¢,) (B(@,, ¢.)) to denote the layout sequence we get by

applying the merge operation 4 (respectively, B) to the layout-sequences ¢, and ¢,.
Cuase 1. 1; is the left leaf of f;. (/;, f; cannot be of the same label.)

c(fili) = A(e(1y), c(£i))

Case l.a. f;, f; are of the same label. c(fi;) = B(c(fil;)),c(f;)).
Case 1b. f;, f; are not of the same label. c( fi;) = A(c(fil;)).c(f7)).
Case 2. I; is the right leaf of f;. (f;, f; cannot be of the same label.)
Case 2.a. I;, f; are of the same label. c(fil;) = B(c(l;),c(fi))
Subcase 2.a.a. f;, p(f;) are also of the same label.

c(p(f1)) = Ble(fil:), c(p(£1)))
c(fiy) = c(f).

Subcase 2.ab. fi, p(f;) are not of the same label.
o(fiy) = Ale(fili), e(£7)).

Suppose that the resulting sequence c( f;;) is as in the Fig. 4, i.e., ¢(f;;) = (4, %, B).
From c(f;) we easily take the layout-sequence ¢'(f;;) = (C,*,D), where the “x”
denotes the position of f; (see Fig. 4). Let Ty; be the subtreec — of the current 7,
— rooted at f;;. In the sequel, every merge operation of f;; with a vertex w of Ty
is done using the layout sequence ¢’( f;;) while every merge operation of f;; with a
vertex of T.o — Ti; is done using the layout sequence c( fi;).

Case 2.b. 1;, f; are not of the same label. This case is similar to the above ones.

The efficient parallel implementation of the merge operations 4 considers a number
of cases depending on whether the leaf that is going to perform the shunt is a right or
a left leaf and whether or not it has the same label with its father.

Suppose that

! ! !
(Pu = (X],Xz,. cos Xy *’xil" . '7-x2»xl )1

P — (yla)’2,---’)’,;‘7*’)’,/‘1»~--»J’é’}’q)
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COSt(qDM) = (Vlua r]lu:- -~77kua *a ’y;ua"'bn/lus y’lu)s
COSZ(QDU) = (Vlu; Hivs -5 Ymos> %, y;zv,”-an/lm‘y/lu)

and

yu = max{“/lm ’yl]u}a yl) = max{?lw yllv}

Merge-operation A

Case 1. v, = v, and @,, @, balanced. In this case, it is clear that the cost of an
optimal layout sequence ¢,, cannot be less than y, + 1.

Subcase 1.1. Suppose that leftcost(p,) <rightcost(@,) and rightcost(p,)<leftcost
(o) and ny, # 1, 0}, # 1. Then we construct ¢, from ¢@,, @, as follows (see Fig. 5):

Cuw = Vi + LoV LLx 4+ Lox + Lxx),ux))
and the cost sequence of ¢y, is

cost(Pus) = (Ptu + Lnia + Lo Pk + L% Vs oo ML Va)-

The other subcases are similar.

Case 2: vy, > v, and ¢, balanced and ¢, unbalanced. Let H, be the heavy side of
u and L, the light one. W.lo.g. let H, = leftcost(¢,) and L, = rightcost(p,). The
procedure which gives the cost y,, of an optimal layout sequence ¢,,, is as follows:

if iy + 7y, <yy or 1), + 70 <y, then v, = v, else v, =y, + 1.

In order to find the position between the vertices of 7, where we will insert T,, we
proceed as follows. Let i be the index of the largest n;, in H, for which 5, +7, <y, —1.
Let j be the index of the largest 77}, in L, for which 1}, + 7, <7},. Suppose now that
c(hyy) (c(ly)) is the layout sequence we take if we insert ¢, between the vertices —
in @, — where the cut of #; (resp., 11]’»,4) occurs. Then, ¢, is this one from c(#,,),
c(ly), with the smallest cost sequence.

Suppose that we know the position where we will insert ¢, and want to compute the
cost sequence of the layout sequence ¢,,. We consider only the case where 1y, +7, =7,
and #, + y, <y, (see Fig. 6) (the other cases are similar). Let x, be the point in the
layout of T, where the cut n{, occurs. Then,

Pue = (Xt Xk, X0+ Lox Lyl + Loy 4 Ly, Y X -0 x)).



J. Diaz et al | Theoretical Computer Science 181 (1997 267-287 283

Fig. 6.

In order to compute the cost sequence we distinguish subcases:
L xy <min{n,n},} and xy + 1 <min{n,,n;.}. In this case we have
if 7, <y, +1
then cost(Qu) = (ViM% My + 175 + L0 710)
else cost(@ue) = (Vs M-+ %e s My, + L7, + L0, + Lve e y)
IL x4 > max{n,,n},}- Let gy, <nj. and Pmax = max{y2., 71, + 1,y5, + 1}
If Yoy = 75, + 1 then

(’OST((Puu) = (7114» Migseoos¥yenny '7/21: + 1, 7"/214 + 1, Hie, ’}"lll,)'
If ypar = 71, + 1 then

('OS[((/’ur) = (A/ylllsyllu?"'7*7“-7’7;“ + l’7yl2u + ls”]u + 1»:‘)/11‘ + 17’7]1‘»}"]“)-

Let ypuy =72.- We consider the case that y{, + 1>, + 1 and nj, + 1 <y, + 1
(the other cases are similar). We use binary search to find in the sequence (Vs
Nim—1yes - -+ » H2es Y2v) the vy, with the smallest possible / such that: 7, < ), + 1 or
M > i, + 1. Suppose that for / = /; we have 7, > 7|, + | and r],.l > ;711 + 1
(again the other cases are similar). Then, cost(@,:) = (1w N1y, - - e
M+ L7+ L+ Lyne i —tyes - Y200 H1os Vi )-

III. The other subcases are similar to the above ones.

Case 3: y, > 7, and @, ¢, balanced.

Subcase 3.1. Suppose that y, + 1, = 7, and #}, = n,. If we insert T, between the
vertices where the cut #y, (or #},) is realized, then the cost of ¢, cannot be less than
v« + 1. For this reason, we try to spread the vertices of 7, between the vertices of 7,
in such a way that y,. = y,. To see this, suppose that y2, + 11, <7, and 5, + 1}, <7
Also suppose that min{y2, + 0w, Yoy + 2w} <70 — 1 and max {2 + N2u Vhe + H2u} <ou
Let ¢(v;1) (c(v1)) be the part of the left (resp., right) sequence of ¢, — with respect
to the position of v — from the beginning until the point realizing the cut 7, (resp.,
21,). We insert ¢(v.1) (c(v-1)) in the position of ¢, realizing the cut of 1y, (resp., 1},)
and the rest of @, in the position of ¢, realizing the cut of 7y, (see Fig. 7). (Notice
that the cost of the resulting layout is 7, but it is not necessarily optimal.)

A parallel procedure implementing the merge-operation 4 in this case follows.

Let k£ be the largest index such that (1) 3, = 7}, and (ii) Vi<kp, = v, (notice that
we can find this index easily in parallel in O(log k) time using m processors, where m
is the length of the cost sequence cost(¢,)).
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Y1u M

c(vﬂ ) o(v)~ cvy )-C(VY, 1) C(Vy’1)
Fig. 7.

For each y;, 1<i<k, we examine if the following holds:
A vt nu<yn-—1 or pu+m,<y,—L
For each y;,, 1<i<k, that does not satisfy condition (4) we examine if
(B)  ywt+Hu=7. and My =y and  max{yiiou + i Vet + M <e
Also, for Y1), we examine if
{130 + Wi D Vs 1y + ok} v — 1

and

max{ Yo+t + 0+ 0w Vs 1y + Mok D} < Vu

or

min{y+1yo + ﬂfkﬂ)u,)’fkﬂ)u + Wfkﬂ)u} <7y — 1

and

!
Max{yu+w + Aty Yty + Mo Uy < Ve

We call the above condition (C).

In the sequel, for each y,, 1 <i<k, we create a vertex with label 1 if y;, satisfies
condition (4), label O if 7, does not satisfy (4) but satisfies (B) and null if y;, does
not satisfy neither (4) nor (B). Also, we create a vertex for y+1), with label 1 if it
satisfies (C) and label O if it does not. From each y;, with label 0 or 1 we draw an arc
to Y41y if Yu+1)s has label 0 or 1. In this way, we create one or more lists. Using the
pointer doubling technique we find, in the list with head y;,, the first y;, with label 1.
If such a y; does not exist, there is no optimal layout of 7, with cost 7,. Otherwise,
there is one (or more) layout of 7, with cost y,. In order to find an optimal one do
the following. Find the largest 1, ;21 satisfying

min{yiu + Njus 'V;u + rlju} <Vju + Hi—1w — 2
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and

max{(Jic + i Vi + M} <Vju + -y — |
and the largest 11;1‘, j =i satisfying

Min{ i+ o Vi + W <V + M1y — 2
and

max{ i + M Vi + M <V + Moy — 1

If such a j does not exist, then let j = i.

Let ¢j(uv) (c2(uv)) be the layout sequence which we take if we insert the part of
¢, realizing the cut y; into g, the cut 7}, into #},, 1<k<(i — 1), and the rest of
@, into ny (resp., n;u). Then, ¢, is this one from c¢|(uv), c2(uv), that has the smallest
cost sequence.

Once we have the layout sequence ¢,, we can construct its cost sequence. The
construction is similar to that of case 2.

The other subcases of case 3 as well as the remaining cases are similar to the above
ones.

Lemma 7. Let T,, be a tree rooted at a vertex u that consists of the trees T,. T,
rooted at u,v, respectively, and the edge {u,v}. Let also ¢, @, be optimal lavouts of
T, and T, respectively. Then, the merge-operation A correctly computes an optimal
layout @y, of Ty in O(logn) time using O(n) CREW PRAM processors, where n is
the maximum of the lengths of ¢, ..

Proof. The correctness is provided by considering the cost sequences of 7, and T,
and proving that in each one of the cases, there is no layout of T, with cost sequence
smaller than the cost sequence of the layout produced by the procedure implementing
the merge-operation A.

It is easy to see that in case 1.1 any other layout with cost y,+ 1 (which is the best
possible) has cost sequence larger than or equal to the one given above.

To see the correctness of case 2, we suppose w.l.o.g. that the cost sequence of the
optimal layout is as follows: (Y1, Hius- -« Vi His Vit 1 + LBt + Loooo Vi + 1L,
Vi - - s Mhge V1) (e, @ is the largest index such that #; + y,<yy — 1 and the cost
sequence of c¢(h,:) is smaller than the corresponding cost sequence of ¢(/,.)). We
also suppose that compare, = (yﬁu,n‘l'u,ygu,ngu,...,",f,-u,17,»1,,“/(,-“),,,;7(,«“)“). Note that
in this case the “compare” sequence of the new cost sequence will be as follows:
(P50 Mo Vs W+ -+ » Viwos Mive» Yo + 1, M + 1) for i < y<k. Note also that if we insert ¢,
in the position where the cut of #, is realized, for x either smaller or larger than 7, then
the “compare” sequence of the corresponding cost sequence will be lexicographically
larger than the above one.

For the other cases the correctness comes also easily from their description. [
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Merge-operation B

The parallel implementation of merge-operation B is based on merge-operation A.
Let T, be a tree rooted at v with children vy,...,v; and T, a tree rooted at u with
children u,...,uy . Let also d’ be greater than or equal to d. Suppose that ¢, @,
are optimal layouts of T,, T, respectively. Then, the merge-operation B computes an
optimal layout ¢, of the tree T, rooted at ¥ and having as children the children of
both 7, and T, as follows:

Consider the layout ¢, for each i€ {1,...,d}, which is the restriction of ¢, to
the subtree 7; rooted at v;, for each i€ {1,...,d}. Note that each ¢, is an optimal
layout of 7}, for i = 1,...,d (if not then there is another layout ¢/, with smallest cost
sequence resulting in another layout ¢! for 7, which has smaller cost sequence than
@y; but @, is optimal). Then, sequentially use merge-operation 4 to merge each one of
@u, for i = 1,...,d, with ¢,. Notice that from the optimality of the merge-operation
A, we have that the resulting layout ¢, is optimal.

The proof of the following lemma is based on Lemma 7 and the description of the
merge-operation B.

Lemma 8. Let T, be a tree rooted at u, T, a tree rooted at v and ¢,, @, be optimal
layouts of T,, T, respectively. Then, the merge-operation B correctly computes an
optimal layout @, of T, which is rooted at u and has as children the children of
both T, and T,, in O(d logn) time using O(n) CREW PRAM processors, where d is
the minimum of the degrees of u,v and n is the maximum of the sizes of T,, T,.

We give now the parallel algorithm for the mincut linear arrangement problem on
trees.
for all v€ T in parallel do
Let 7}, be the tree T rooted at v. Convert 7, into a binary tree 7y.
Apply the parallel tree contraction technique to 7, to compute an
optimal layout sequence ¢, of T, and its cost sequence cost(¢y).
cost(or) = min{cost(p;) | ve T}
MINCUT(T) = ¢r {* @r is a layout sequence with cost sequence cost(¢r) *}

Theorem 3. Given an undirected tree T with n vertices, the above algorithm constructs
a minimum cut layout of T in time O(dlog® n) using O(n*/logn) CREW PRAM
processors, where d is the maximum degree of T.

Proof. The correctness of the approach comes from the fact that a minimum cut layout
of T is computed as the layout out of minimum cut layouts of 7, for each v € T, which
attains minimum cutwidth, and the fact that the shunt operation correctly computes an
optimal layout of a subtree rooted at a vertex w, using optimal layouts of the subtrees
rooted at w’s children (recall the discussion at the beginning of the subsection). The
correctness of the shunt operation follows from Lemmas 7,8, and the fact that the
merge-operations A and B are combined correctly (see the description of the shunt
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operation). The time/processor bounds of the algorithm come from the bounds of the
parallel tree contraction technique and Lemmas 7 and 8. 0O
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