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Abstract

The noise properties of the granular phosphor screens, which are utilized in X-ray imaging detectors, are studied in
terms of the quantum noise transfer function (QNTF). An analytical model, taking into account the effect of K-
characteristic X-rays reabsorption within the phosphor material and the optical properties of the phosphor, was
developed. The optical properties of the phosphor material required by the model were obtained from literature, except
for the optical diffusion length (¢) that was determined by data fitting and was found to be 26 cm?/g. The deviation
between theoretical and experimental data is ¢ depended. Specifically for ¢ = 26 cm?/g and ¢ = 25 cm?/g the respective
deviations between experimental and predicted results were 0.698% and — 1.597%. However for relative differences in
o more than 15% from the value 26 cm?/g, the corresponding deviations exceed by 6 times the value of 0.698%. The
model was tested via comparison to experimental results obtained by a set of Y,0,:Eu®* phosphor screens prepared by
sedimentation. The model may be used to evaluate the effect of screen thickness and irradiation geometry on quantum
noise of phosphor materials for transmission and reflection mode. © 1999 Published by Elsevier Science B.V. All rights
reserved.
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1. Introduction

Phosphor materials usually in the form of
screens are employed in the majority of medical
X-ray imaging detectors. The intrinsic physical
properties of these materials strongly affect the
image detector transfer characteristics, such as
the modulation transfer function (MTF) and noise
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61-992496.
E-mail address: panayiot@upatras.gr (G. Panayiotakis)

power spectrum (NPS). Noise limits the quantity
and clarity of diagnostic information that an image
detector can display [1]. In radiographic systems,
either conventional (screen-film) or digital (phos-
phors coupled with CCD arrays etc.), the noise
associated with the phosphor material (screen
noise) is the main component of total image noise
[1,2].

Phosphor screen noise can be distinguished in
the following two components: (i) Quantum mottle,
mainly produced by the statistical nature of the
spatial fluctuations of the absorbed X-ray quanta.
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This may be the dominant noise component, espe-
cially in the low and medium spatial frequency
region, below 20 cm ™! [3]. The spatial frequency
range contained in quantum mottle patterns is de-
pended upon phosphor characteristics (X-ray ab-
sorption and optical properties). Furthermore,
above 60 cm ™! it should be compared with the
noise spectra of the other noise sources, since X-ray
quantum noise decreases relatively faster with fre-
quency [3]. (ii) Screen structure mottle, due to
phosphor grains and their spatial distribution. This
component may be considered negligible, due to
advanced manufacturing techniques [2]. Noise is
evaluated in terms, of either the noise power spec-
trum (NPS) (also called the Wiener spectrum), or in
terms of the noise transfer function [1-7].

In this study an analytical model of the quantum
noise of granular phosphors is presented. Quantum
noise is studied through a quantum noise transfer
function (QNTF). This QNTF considers: (i) the
X-ray energy spectrum, (ii) the X-ray absorption
efficiency, corrected for the effect of production and
reabsorption of K characteristic X-rays when the
X-ray energy spectrum encompasses the K-edge of
the high Z element of the phosphor, (iii) the optical
properties (absorption and scatter of light photons)
of the phosphor material and (iv) the thickness of
the screen. Previously published work on modeling
quantum noise is either based on analytical
modeling which does not take into account the
K-absorption edge effects, or on Monte Carlo
methods [5,8-11]. However, the present Monte
Carlo methods either do not take into account
granular phosphors through NPS and QNTF, or
the effect of phosphor thickness in light escape or
X-ray spectrum and phosphor material optical
properties. The quantum noise of granular phos-
phors predicted by the model was validated against
experimental results obtained with a set of laborat-
ory prepared Y,O3:Eu®”" screens.

2. Materials and methods
2.1. Noise model

If the X-rays incident on the phosphor have
energy above the K-edge of the high Z element of

the phosphor material, K-characteristic X-rays will
be produced. When this happens, the total energy
deposited in the phosphor is the sum of: (i) the
energy deposited directly by the incident X-rays,
where the fraction of the energy given for the gen-
eration of K-characteristics is not included, (ii) the
energy that is deposited in the phosphor by K-
characteristic X-rays. These energy deposition pro-
cesses are not affected by each other, in the sense
that by the first process the energy required for the
production of K-characteristics X-rays has been
excluded, while in the second process the amount of
energy deposited in the phosphor by the K X-rays
is not affected by the energy directly deposited by
the incident X-rays. Furthermore, these two energy
deposition processes can be described separately
for all energies above the K-edge of the high Z cle-
ment of any phosphor material [9,10,12,13]. Thus,
the total noise associated with an X-rayed phos-
phor screen can be expressed as the quadrature
sum of three signal variances corresponding to: (i)
the direct absorption of the incident X-rays (d3), (ii)
the absorption of K-characteristic radiation (g%),
and (iii) the screen granular structure (o). There-
fore the output variance (07,.), giving the total
screen noise is expressed as

2 2 2 2
OTotal = 0 + Ok + 0g. (1)

If the incident X-ray spectrum does not encompass
the K-absorption edge of the high Z element of the
phosphor, the second term in Eq. (1) is zero.

2.1.1. Direct absorption of incident X-rays
Consider an X-ray fluence distribution f'(E), with
energy between E and E + dE incident on a phos-
phor screen of thickness T. The screen is considered
to consist of N thin layers of thickness At [6,14,16].
A fraction of the incident quanta will interact at
various depths in the screen and a part of their
energy will be deposited within the phosphor mater-
ial. This absorption process follows Poisson distri-
bution (see appendix). The number of X-ray quanta
of energy E absorbed in a layer of thickness At, at
depth ¢, in the screen is denoted by ¢( f (E), t), where,

a(f(E), 1) = f(E)e ™" neaAt, (2)

where ., is the total mass energy absorption co-
efficient of the phosphor material. It does not
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account for characteristic photon production and
reabsorption within the material [12,13]. The ab-
sorbed X-ray energy is partially converted into
light photons. This process is characterized by the
intrinsic gain of the screen m(E), which is defined
as the number of light photons that are produced
within the phosphor per absorbed X-ray of energy E.
m(E) is calculated by

m(E) = ncE/E;, (3)

where n¢ is the intrinsic conversion efficiency of the
screen [14,157] expressing the fraction of absorbed
X-ray energy that is converted into light and E; is
the energy of the optical photons. Hence, the total
number of light quanta that are produced within
this layer equals to g(f(E), t)m(E).

The light quanta are emitted in all directions, but
only a fraction of these quanta denoted G(0, ¢) es-
capes to the output. This is because of losses due to
scattering, absorption, and reflection at the output
interface. If one photon of energy E is absorbed in
depth t in the phosphor, then m(E)G(0,t) light
quanta escape and spread to the output. If the
spatial distribution of m(E)G(0, t) is Fourier trans-
formed and divided by m(E), then a function G(u, 1)
is obtained where G(u, t) = G(0, t)MTF(u, t) [16].
MTF(u, t) is the modulation transfer function of
a thin phosphor layer at depth t and u is the spatial
frequency. If ¢( f (E), t) absorbed X-ray photons are
considered, then the mean number, M(E, t), of the
light quanta escaping to the output equals to:

M(E, 1) = q(f(E), him(E)G(0, 1). )

This number can be expressed as a function of
spatial frequency:

M(u, E, 1) = q(f(E), )m(E)G(u, t). (5)

In the case of front screen configuration setup
(transmission mode), where the light emitted by the
surface of the phosphor screen opposite to the
X-ray source is considered, G(u,t) is given by
[6,15-18]

G(u, t) = G(0, )MTF(u, 1)

Tpl[(b + Tpo)e_bt + (b - I-,Do)e_bt:l .
(b + tp)(b + 1)’ — (b — 1po)b — Tpi)e "

(6a)

where MTF is the modulation transfer function of
the phosphor layer at depth ¢, b is an optical para-
meter given by

b= /(c* + 4n2u?), (6b)

o is the reciprocal diffusion length given by the
formula:

c =./a(a + 2s), (6¢)

where a and s are the optical absorption and scat-
tering coefficients. 7 is the inverse relaxation length
given by

1 :% and B = /Ta/a + 29)] (6d)

both ¢ and t characterize optical absorption and
scattering and

pi=0—r)1+r)" " (6¢)

where r; is the reflectivity of the inner surface of the
screen at either the input, 0, or the output, 1, inter-
faces. Relation (6a) has been derived by Swank [17]
under the following assumptions: (i) there are no
discontinuities in the properties of the screen, (ii)
solutions are sought for points far from the source
and (iii) the probability of absorption is small com-
pared with the probability of scattering.

In the case of back screen configuration setup
(reflection mode), where the light emitted by the sur-
face of the phosphor screen facing the X-ray source
is considered, Eq. (6a) is changed to [14,17,19]

G(u, t) =
pillb + tp)e" D + (b — pJe ]
(b + )b + )’ — (b — tpo)b — Tpi)e "
(7)
The variance in the number of output light photons
M(u, E, t) is a measure of quantum noise. Since the
process of X-ray energy absorption follows Poisson

distribution (see appendix) the variance of the out-
put signal equals [20]

var[M(u, E, 1)] = q(f (E), )[m(E)G(u, )]*. (®)

The product m(E)G(u, t) represents the number of
light photons, generated per absorbed X-ray of
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energy E at a thin layer, that reach the screen
output.

If the total screen thickness T is considered, then
the variance is given by integrating over t as

var[M(u, E)] = mz(E)J0 q(f (E), D[ G(u, 1)]* dt

= QNPS(u, E). )

Relation (9) defines the QNPS for monoenergetic
X-ray beams. For polyenergetic X-ray beams
QNPS is obtained by integrating over the X-ray
spectrum:

T

QNPS(u) = Jmmz(E)J ‘q(f (E), )[G(u, )]*dt dE,

0

(10)

where kV, is the X-ray tube voltage, which is nu-
merically equal to the maximum X-ray spectral
energy (in keV).

The quantum noise transfer function QNTF is
defined as the square root of the noise power spec-
trum at zero spatial frequency [6]:

QNPS(u)

2 —
QNTF(u) = ONPS0)°

(11)

2.1.2. Escape and absorption of characteristic X-rays

If the energy spectrum of the incident X-ray
beam encompasses the K-edge of the high Z ele-
ment of the phosphor, X-ray characteristic radi-
ation is generated. This phenomenon degrades the
transfer characteristics of the image detector [20],
due to re-absorption of characteristic photons far
from the point of primary interaction.

If an X-ray interaction occurs at depth t = iAt,
wherei = 1,2,...,N, in the phosphor material and if
the X-ray energy is above the K-absorption edge of
the high Z element of the phosphor material, char-
acteristic radiation will be created. The energy car-
ried by the K-photons is given by [12]

Ex; = O(E, iA)Pxo Ex o5 (12

where, @(E, iAt) is the fraction of the fluence of the
X-ray photons of energy E that interact with the
layer at depth iAt, (ie.®(E,iAt) =f(E) e "
— e MDA S\where g, is the total mass attenu-

ation coefficient for energy E), wg is the fluores-
cence yield [12], Ex ,; is the mean energy of K-
characteristic photons of the phosphor. Py is given
by

_ Hpe/P
ot/ P

where w, is the fractional weight of the high Z ele-
ment of the phosphor, (u,/p) is the photoelectric
mass attenuation coefficient at energy E, fx is the
K-shell contribution to the photoelectric effect for
the high Z element of the phosphor, Ik is the
relative frequency of K-photons production
[12,13].

K-characteristic photons are isotropically emit-
ted from the point of their creation within a solid
angle 4. If the solid angle is divided into 2m solid
angle elements denoted by AQ, then

AQ, = 2n[cos(r — 1)A0 — cos(rAD)], r=1.2,...,.2m,
(14)

Wy KIKa (13)

K

where A® is the polar angle, which is equal to ©/2m.
Thus, the energy carried away by K photons per
solid angle element equals to (AQ,/4m)E;.

The K X-rays will interact in the screen and
a part of their energy will be absorbed. K X-rays
will interact at different depths ¢. If a layer of
thickness At at depth t in the screen is considered,
the energy of K X-rays that is absorbed in it, is due
to the contribution of characteristic photons
emerging from different depths. In Fig. 1 a two
dimensional schematic representation of the K X-
rays interactions within the phosphor is demon-
strated.

The energy per solid angle element carried away
by the K-photons emerging from the layer at depth
t = iAt and absorbed by a layer at t = jAt equals to

Yr,i,j(EaEKiaAQr)

AQ _Henk|j*i|m
— rEKie T Cos(rA0) | (1 —e —uenKAt/cos(er))’

4n
j=12,...,N, i=12,...,N, (15)

where, the factor in front of the parenthesis ac-
counts for the total energy per solid angle element
of the K-characteristic photons incident on the
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Characteristic
x-photons

Incident
x-photons

_’.

Elementary layer
of thickness At in
position i

Light photons
escaping from
the phosphor
material

Light photons
produced by the
absorption of the
characteristic
radiation which
escapes with a polar
angle r

Elementary layer
of thickness At in
position j

Fig. 1. A schematic representation of the main steps considered in the production of light photons within an elementary layer At at
position j of the phosphor, due to the generation of K characteristic X-rays in an elementary layer At at position i.

layer at position j and p.,x stands for the total mass
energy absorption coefficient of the phosphor for
energy Eg,s Eq. (15) is actually providing the
intensity of the K-characteristic photons that is
absorbed in a layer positioned at j. By dividing Eq.
(15) by the energy Ex, s of the K-photon, the num-
ber of K-photons absorbed in this layer can be
obtained, thus
Y, (EAQ,) = M (16)
EKa,ﬂ
Considering 2m solid angle elements and N thin
screen layers, then the total number of character-
istic photons that are absorbed within the layer
positioned at jAt equals to

N-1 m

qJ(E) = Z Z Y/r,i,j(EaA‘Qr)' (17)

The absorbed X-ray energy is partially converted
into light photons. The total number of light

quanta produced from all the interacting X-ray
quanta absorbed in that elementary layer is
m(Eg)q;(E). Light quanta are emitted in all direc-
tions, but only a fraction of these quanta escape to
the output because of scattering, absorption, and
reflection at the output interface. This fraction,
denoted by M ;jx(E) equals

M ;x(E) = m(Ex)q;(E)Gk(0, jAt) (18)

or considering the spatial frequency dependence
of Mk:

M j(u, E) = m(Eg)q;(E)Gg(u, jAt). (19)
The corresponding variance of My equals to
var(M ) = q;(E)[m(Ex)G(u, jAt)]? (20)

which is analogous to Eq. (8). By considering
contributions from all layers, the variance or the
quantum noise power spectrum (QNPSg), for the
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characteristic photons absorption, is given as

QNPSk(u, E) = ) 4;(E)lm(Ex)G(u, jAD].  (21)
=1

J
If the X-ray energy spectrum irradiating the screen
is taken into account, Eq. (21) is integrated over the
energy range, giving

kVp

QNPSk(u) = J m*(Ex) Z q{E)G(u, jAt))*dE.

Y J
(22)
The quantum noise transfer function, corrected for

the effect of K-characteristic photons QNTF,, can
then be derived by the following equation:

_ QNPS(u) + QNPSg(u)

2
QNTF~cor(u) = QNPS(0) + QNPSk(0)

(23)

2.2. Implementation

In order to validate the model, a set of
Y,05:Eu’* screens were prepared by sedimenta-
tion on fused silica substrates with coating thick-
nesses of 32, 72 and 112 mg/cm?®. The phosphor
material was supplied in powder form with grain
size of about 7 um by Riedel de Haen-Lumilux Ltd
(Code Number 54009). This type of phosphor may
be suitable for digital imaging, since its emission
spectrum is compatible with the sensitivity spec-
trum of CCD arrays [14].

The noise measurement was performed by bring-
ing the phosphor screens in close contact with
a film (AGFA Scopix LT2B) sensitive to their emis-
sion spectrum (red). The above configuration was
irradiated with a mammography X-ray unit (mol-
ybdenum target tube and 30 kVp X-ray spectrum
filtered by a 51 mm plexiglass). The exposure was
6.32 mR. This value is among the lowest values
reported for NPS measurements in 30kVp
[21-23]. Furthermore the sedimentation tech-
nique, used for screen preparation, results in uni-
form distribution of phosphor grains. Thus, the
contribution of the screen structure noise to NPS
for the above mentioned exposure value can be
considered small as compared to the quantum
noise pattern, which is expected to dominate even

1

beyond 70 cm ™ .

The irradiation geometry for the validation of
the model comprised transmission mode measure-
ments. The exposed films were scanned with
a 1200 x 1200 dpi, 12 bit scanner (MICROTEC
Scanmaker I1 SP) with a corresponding pixel size of
about 21 um. A corresponding scanning slit of
21 um width and 27.3 mm length was utilized. For
the image noise analysis, a uniformly exposed area
of 1300 x 1300 pixels was selected.

Noise power spectrum was evaluated as the
Fourier transform of the autocorrelation function
[1,2,4], taking into account the transfer character-
istics of the scanner. The noise components of the
experimental chain, besides the screen noise, were
the noise due to the scanner and the noise due to
the radiographic film. These components were sub-
tracted as follows. The film was exposed to a homo-
geneous light source, matching the screen emission
spectrum (red) by means of a photographic camera
[2]. Since the film noise depends upon exposure,
the cameras shutter and diaphragm were kept open
until the same optical density as in the case of the
irradiated screen film was achieved. The film was
then processed and digitized. Hence, the only noise
components on the image were those of the film
and the digitizer. The corresponding Wiener spec-
trum was calculated as described before and
subtracted from the total. Therefore, the Wiener
spectrum of the screen noise was obtained.

The X-ray attenuation coefficients used in Egs.
(10), (14) and (16) were derived by the following
formula, which is valid for compound mixtures:

Hx Hx
=)= = 24
<P>E Zk:Wk<P>k,E’ .

where k denotes the element in consideration, iy is
the required coefficient for a given energy and w; is
its fractional weight. The Mo X-ray spectrum utiliz-
ed in relations (10) and (22), was described and
calculated using a previously published theoretical
model [24].

The K-edge of the high Z element of the phos-
phor Y (Z = 39)is at 17.02 keV, while the values for
its fluorescent parameters are, fx = 0.856, the aver-
age energy Ex, s = 15.2 keV, while Iy is unity [11].
The value of the fluorescent yield for yttrium is 0.71

[25].
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3. Results and discussion

Fig. 2 shows the QNTF data calculated using
relation (23) for three Y,O5:Eu screens of 32, 72,
and 112 mg/cm?, determined at 30kVp with
molybdenum spectrum X-rays. Curves represent
results obtained by fitting Eq. (22) to experimental
data, using the Levenberg-Marquard method [26].
The correlation between the experimental data and
the theoretical model is demonstrated in Fig. 3. It is
observed that for the thin screen of 32 mg/cm? the
coincidence between measured and calculated
values is poorer especially in high frequencies. This
occurs because thin screens may not fully comply
with the assumptions (i) and (ii) presented in the
materials and method section, necessary to derive
relations (6). That is: (i) The thin screen may not be
perfectly homogeneous (i.e. presents discontinui-
ties), due to lower uniformity in the phosphor grain
deposition. (i) The distance between the point of
light creation within the phosphor mass and the
screen output may not be adequate for the majority
of the phosphor layers in thin screens. This fact can

also explain the poor correlation between experi-
mental and theoretical results for the 72 mg/cm?
phosphor for high spatial frequencies, since a num-
ber of phosphor layers considered in Egs. (9) and
(21) is near the screen output.

During the fitting procedure the values of para-
meters 7, f, p; were kept constant; their values
were obtained from literature [13]. This was justi-
fied, since f and p had been previously experi-
mentally determined and nc mainly depends on
intrinsic phosphor properties and the type of ac-
tivator. Thus, only parameter ¢ was allowed to
vary.

Best curve fitting was achieved for ¢ = 26 cm?/g.
This value accounts for exposure conditions of
a Mo spectrum at 30 kVp, where the K X-rays
contribution in energy deposition in the phosphor
by using Egs. (11)-(15) is around 15%.

The value of ¢ =26 cm?/g is compared with
a value already reported in literature which was
o = 25cm?/g. This value however has been ob-
tained under different exposure conditions of
50-200 kVp tungsten spectrum X-rays. Under
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Fig. 2. Model predicted QNTF taking into account the K characteristics X-rays of three Y,O3:Eu®* phosphors, corresponding to
coating thicknesses of 32, 72 and 112 mg/cm?, in transmission mode.
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Fig. 3. Comparison between model predicted and experimental QNTF results for two Y,O3:Eu®* phosphors, corresponding to coating

thicknesses of 32 and 72 mg/cm?, in transmission mode.

these conditions the effect of the K X-rays in energy
absorption (3% of the total) is considered practic-
ally negligible [14].

Table 1 demonstrates how well the QNTF model
matches experimental results for different values of
a. Furthermore, Table 1 provides an indication of
the sensitivity of the model to o.

A point worth commenting is that, under identi-
cal irradiation conditions, thin screens exhibit high-
er noise transfer functions than thicker ones. This
may be explained by considering that QNTF is
expressed as the weighted sum of the squares of the
thin layers MTFs. These MTFs decrease with
phosphor thickness increase, since the shape light
bursts originating from depth ¢ is broadened at
thick phosphors. Therefore total screen QNTF is
decreased. However, total screen QNTF decrease
with thickness and frequency, is slower than the
corresponding total screen MTF decrease, since the
latter is expressed as a weighted sum of the MTFs
of each thin layer [16,27].

Similarly, the presence of K X-rays reduces the
thin layers MTFs since a fraction of the energy

Table 1

The relative deviation, d, of experimental and predicted theoret-
ical QNTF results, for different values of ¢ is demonstrated.
d equals to the relative difference between the areas under the
curves corresponding to experimental and predicted QNTF(u)
results, expressed as a percentage

o(cm?/g) (%)

15 —10.568
20 —4.280
25 —1.597
26 0.698
30 4970
35 8.841

carried away by the K X-rays is reabsorbed in sites
away from the site of the primary interaction. This
in turn reduces total screen QNTF, which however
decreases slower than MTF [3,16,27]. In all cases
QNTF depends on the shape of light bursts, de-
scribed by the Point Spread Function, which is
affected by screen thickness [16]. As it is also
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Fig. 4. Model predicted QNTF taking into account the K characteristics X-rays of three Y,O3:Eu®* phosphors, corresponding to

coating thicknesses of 32, 72 and 112 mg/cm?, in reflection mode.

observed from Fig. 4, QNTF differences between
screens decrease as screen thickness increases. This
effect is principally due to the X-ray absorption
properties, which approximately follow the ex-
ponential law (1 — exp[w(E)t]). Thus, as phosphor
thickness increases the X-ray absorption differences
between screens are minimized.

In Fig. 4 the results of a back screen configura-
tion setup are shown. The form of the curves, as
well as the QNTF variation with coating thickness
are similar as to the front screen configuration
setup. However, an increase of QNTF values for
the same coating thickness as a function of fre-
quency is observed. This can be justified by the fact
that light yield mainly originates from low depths
with respect to the irradiated screen surface. This is
due to the exponential law of absorption, which
imposes that X-ray energy is largely absorbed close
to the surface. This induces better transfer charac-
teristics [16], because of the lower light attenu-
ation. Conclusively better signal and therefore
noise transfer is accomplished.

4. Summary

This study presents an analytical model, which
takes into consideration the effect of reabsorption
of K characteristic X-rays and the optical proper-
ties of phosphor material, predicting the quantum
noise power spectrum and subsequently the quan-
tum noise transfer function of granular phosphor
screens. The model shows good correlation with
QNTF experimental data of Y,O;:Eu®" phos-
phors, within experimental accuracy. Additionally,
the model describes in a satisfactory way the effect
of phosphor thickness on quantum noise transfer
properties of screens, as well as the differences be-
tween back screen and front screen configuration
setup (irradiation geometry).
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Appendix A

Let N photons of energy E be incident on a thin
phosphor layer of thickness At. If the layer is infini-
tesimally thin, then the interaction of a photon in
this layer can be treated as a binomial process, that
is the photon will either interact or not. If p; is the
probability of interaction and ¢; is the probability
of non-interaction then p;=1—e " and
¢i = 1 — p;. The mean value of the interaction pro-
cess is u = Np and the variance is var(u) = Npq.

Following the work of Rimcus and Baily [28] we
implemented probability generating functions
(PGF) to describe the binomial distribution. So in
terms of PGF, the interaction process for realiz-
ation over N photons can be described as [28§]

PGF; = [F(5)1" = [¢: + pi(s)1%, (A.1)

where, index i stands for interaction. The photons
that have interacted will either deposit energy in
this layer or not. This process can be treated again
as binomial process. If the probability of energy
deposition is called p, and the probability of non
energy deposition is called g, then [12,13]

Po="1 e m ) =ap and g, =1—p,,
Hiot
(A.2)

where a is the ratio of the total energy mass absorp-
tion coefficient to total mass interaction coefficient

[12,13].
The corresponding PGF, over N trials equals
PGF, = [¢, + p.(9)]" = [9(s)]"- (A.3)

The joined PGF, h(s), equals to g(F(s)) given by
h(s) = qa + paldi + Pi(5)] = qa + Pagi + Papi(s)-
(A.4)

By denoting X = ¢, + p.q; and Y = p,p;, then the
process [A(s)]Y = [X + Y(s)]" is again a binomial
process with mean value U and variance var(U)

where
U=NY =Np,p; and
var(U) = NXY = N(q. + p.qi)(pps)- (A.5)

By taking into account relations (A.2) and (A.4) one
obtains:

var(U) = N[1 — p, + pa(1 — p)1(paps)

= N(1 = papi)(pap)- (A.6)

The second term of this product equals (due to
(A.2), (A4) and because At is considered infini-
tesimally thin) to

Hen
Hiot

l—pppr=1—ap? =1—"2( — g Htt)?

=1- ,uen:utot(At)z ~1. (A7)

Therefore, var(U) = Np,p; which holds for Poisson
distribution. Thus, the process of energy deposition
in the phosphor material can be satisfactorily de-
scribed as a Poisson process.
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