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A series of large-eddy simulations �LES� of turbulent and transitional channel flows of a conductive
fluid under the effect of a uniform magnetic field applied in the wall-normal direction, usually
referred to as Hartmann flows, are performed using the dynamic Smagorinsky model. The flow is
characterized by the hydrodynamic Reynolds number Re and the Hartmann number Ha that is
related to the strength of the external magnetic field. Previous measurements and works on stability
analysis have shown that a critical modified Reynolds number, based on the Hartmann layer
thickness R=Re/Ha, exists at approximately R=380. Here, the LES are used to investigate the
laminarization of flow when decreasing R. Also, similarities of the turbulent flows are explored for
different values of Re and Ha but the same values of R or of the interaction parameter N
=Ha2/Re. The LES confirm that R is the relevant parameter that describes the transition and a
critical Reynolds number for relaminarization is observed at R�500. However, for turbulent flows
at moderate values of the Ha and Re as considered in this study, the similarity with respect to N
appears to be better than for R, especially for the first order statistics. Finally, the importance of the
dynamic Smagorinsky model as the Hartmann number increases is discussed. © 2007 American
Institute of Physics. �DOI: 10.1063/1.2757710�

I. INTRODUCTION

Magnetohydrodynamic �MHD� turbulent flows are often
encountered in engineering fields such as MHD pumps, crys-
tal growth techniques, and conceptual designs of blankets of
fusion reactors. For laboratory and industrial scale flows of
conducting fluids �except plasmas� the magnetic Reynolds
number, Rem, is much less than unity, which means that the
induced magnetic field is very small in comparison with the
externally applied magnetic field. Thus, the low-Rem ap-
proximation is valid for the study of this class of turbulent
flows �Moreau1�. With the above assumption, various direct
numerical simulations �DNS� have been reported for the
study of MHD homogeneous turbulence �e.g., Zikanov and
Thess3�, and turbulent channel and pipe flow �e.g.,
Branover,2 Lee and Choi,4 and Satake, Kunugi, and
Smolentsev5�.

The MHD channel flow with an external magnetic field
normal to the walls, usually referred to as the Hartmann flow,
has been the subject of various experiments at very high Re
numbers, e.g., by Murgatroyd,6 Reed and Picologlou,7 and
Moresco and Alboussière.8 These experiments as well as sta-
bility analysis, e.g., by Ting and Walker9 and Krasnov et
al.,10 indicate that several properties of the flow depend on
the ratio R of the hydrodynamic Reynolds number �Re� to

the Hartmann number �Ha�. While Ha characterizes the
strength of the external magnetic field, the parameter R
=Re/Ha corresponds to a Reynolds number based on the
thickness of the Hartmann layer that develops close to the
wall. Although the above studies have used different ducts,
the critical value of R for transition to turbulence was con-
sistently found to be in the range 250�R�400. Thus, even
if it is not possible to define a sharp threshold for the transi-
tion to turbulence in the Hartmann flow, these values provide
a fairly clear indication of the range of R at which the tran-
sition is likely to occur under common circumstances.

The present study has several objectives. First, the capa-
bility of LES to reproduce the properties of the Hartmann
flow close to the transition between laminar and turbulent
regimes is investigated. In particular, it is interesting to check
that LES confirm the role of the Reynolds number R ob-
served in DNS and in experiments, i.e., the relevant param-
eter that characterizes the threshold is R, independently of
the respective values of Re and Ha. Second, the role of the
interaction parameter N=Ha2/Re is also explored. Possible
similarities of the flow statistics at constant N are also inves-
tigated. It is also explored whether, for turbulent flows at
moderate values of the Ha and Re as considered in this study,
N might be more relevant than R to characterize the flow,
especially for the first order statistics. Finally, the influence
of the subgrid-scale model is analyzed, especially as a func-
tion of the Hartmann number.

This paper is organized as follows: The governing equa-
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tions are introduced in Sec. II A and the LES methodology
for the Hartmann flow is discussed in Sec. II B. The numeri-
cal technique as well as the parameters characterizing the
simulation are presented in Sec. III. The results are presented
and discussed in Sec. IV and are followed by concluding
remarks in Sec. V.

II. GOVERNING EQUATIONS

A. Low magnetic Reynolds number limit

In the limit of low magnetic Reynolds number
�Rem�1�, the induced magnetic field is very small when
compared to the externally imposed magnetic field B0 and
the electric current J is given by the Ohm’s law,1

J = ��− �� + v � B0� , �1�

where � is the electrical conductivity, � is the electric po-
tential, �E=−���, E is the electric field, and v is the velocity
field. It is traditional to consider the governing equations for
the velocity in terms of nondimensional variables, obtained
by introducing a characteristic velocity scale U and a char-
acteristic magnetic field B. In channel flow, the characteristic
length scale is usually chosen to be the half-width d. Intro-
ducing the dimensionless quantities b0=B0 /B, u=v /U, j
=J / ��UB�, and �=�d / �UB�, the following equations for an
electrically conducting incompressible fluid in the limit of
Rem�1 are obtained:

�u

�t
+ �u · ��u = − �p +

1

Re
�2u + N�j � b0� , �2�

j = − �� + u � b0, �3�

�2� = � · �u � b0� = b0 · � , �4�

where Eq. �4� is a consequence of � · j=0 and is obtained by
taking the divergence of Eq. �3�. Here �=��u, p the di-
mensionless pressure and Re=Ud /� is the hydrodynamic
Reynolds number, where � is the kinematic viscosity. More-
over, incompressibility imposes � ·u=0.

The traditional choice B= �B0� has been adopted for the
characteristic magnetic field so that b0 is a unit vector. In all
cases considered in the following, b0 is normal to the chan-
nel walls. The Stuart �or interaction parameter� number, N
=�Bd /�U, is the ratio of the electromagnetic force to the
inertial force and it is related to the Hartmann number by
Ha=�ReN�=Bd�� /��� where � is the density. The charac-
teristic velocity is chosen as the averaged velocity, which is
assumed to be directed along the x axis:

U =
1

V
� d3rvx�r� . �5�

Such a choice is particularly convenient in our simulations
since the flow is driven by imposing a constant mass flux,
which amounts to imposing �tU=0. Hence, U is constant and
its initial value becomes a control parameter that can be used
to determine a priori the hydrodynamic Reynolds number
Re. Equations �2�–�4� are referred to as the low-Rem MHD
equations.

B. Large-eddy simulation of the Hartmann flow

Performing DNS of the Hartmann flow with various val-
ues of Re and Ha in order to investigate the possible simi-
larities of the flow properties when either R or N is constant
may be extremely demanding in terms of computational re-
sources. Moreover, close to the critical R, the grid has to be
fine enough to minimize its influence on the determination of
the transition point between turbulent and laminar flow.
Thus, even when not fully turbulent, the simulations can be
relatively expensive. Boeck et al.11 used DNS to study the
effect of increasing R when starting from values close to the
threshold. They studied several Ha number cases and re-
ported fully turbulent simulations for R=450, and similarity
of the turbulent statistics for the same values of R and several
combinations of Ha and Re. On the other hand, LES based
on subgrid �SGS� models are much faster and have been
successfully applied to MHD flows.12,13 Thus, there is a real
motivation to use the LES to investigate the Hartmann flow.

The LES equations for the resolved velocity field ū are
obtained by applying a spatial filtering to Eqs. �2�–�4�:

� · ū = 0, �6�

� ūi

�t
+ ūj

� ūi

�xj
= −

� p̄

�xi
+

1

Re
�2ūi −

� �̄ij
�

�xj

+ N	�− ��̄ + ū � b0� � b0
i, �7�

�2�̄ = � · �ū � b0� = b0 · �̄ , �8�

where �̄ij
� is the traceless SGS stress tensor defined by

�̄ij
� = �̄ij − 1

3 �̄kk	ij, with �̄ij = uiuj − ūiūj . �9�

In order to close Eq. �7�, �̄ij
� has to be expressed only in terms

of the resolved velocity. In the case of nonconductive fluids,
the most widely used model for �̄ij

� is the Smagorinsky model
�SM�,

�̄ij
� = − 2Cs
̄

2�S̄�S̄ij , �10�

where S̄ij = ��iūj +� jūi� /2, �S̄ � =�2S̄ijS̄ij, 
̄ is the filter width
and Cs is the Smagorinsky constant.

However, Shimomura16 and Kobayashi13 have already
tested several SGS models, including the SM, for the Hart-
mann flow. Both concluded that the conventional SM is not
adequate to predict the turbulent MHD flow, mainly because
the value of the Smagorinsky constant is not adapted to
MHD turbulence. On the contrary, the dynamic Smagorinsky
model �DSM� used by Knaepen and Moin12 and the coherent
structure model �CSM� proposed by Kobayashi13 are re-
ported to work well. Particularly, Knaepen and Moin12 have
carried out LES of decaying isotropic turbulence under the
influence of an external magnetic field using the DSM. Their
results have shown that the LES with DSM performs signifi-
cantly better than the conventional Smagorinsky14 model
�SM�, because the Smagorinsky constant automatically de-
creases while the external magnetic field increases. This
property is encouraging since it indicates that the DSM
might be able to automatically switch off at the transition
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from turbulent to laminar MHD flow without any special
treatment for the magnetic field. This would extend to MHD
flow the property shown in various works, e.g., Piomelli and
Zang,15 that the DSM is able to reproduce hydrodynamic
transitional wall-bounded flows.

Kobayashi13 has also shown that both the DSM and the
CSM give results in reasonable agreement with the existing
experiments of the Hartmann flow by Lykoudis and
Brouillette17 and Reed and Lykoudis.18 Kobayashi’s LES
simulations have shown very good agreement with the ex-
perimental measurements either for high R numbers �weak
magnetic fields�, where the flow behaves more hydrodynami-
cally, or for small R numbers, where the strong Lorentz force
damps the turbulence. Figure 1 presents in a �Re−Ha� plot
the parameter values used by existing DNS and LES works
as well as in the present study. In particular, the DNS simu-
lations are laminar at approximately R=350 and belong to
the regime of Ha�20. Moresco and Alboussière8 measure-
ments indicate that the flow is laminar for R=250 and for
Ha�20. Accordingly, laminar solutions for the LES have
been reported at approximately R=550 by Kobayashi13 and
possibly for slightly higher values of R by Shimomura.16

In this study, the dynamic procedure proposed by Ger-
mano et al.,19 and, more specifically, the least-square tech-
nique suggested by Lilly20 is systematically used to compute
the Smagorinsky constant which can then be expressed as

Cs =
�M̄ijL̄ij�

�M̄ijM̄ij�
, �11�

where L̄ij and M̄ij are given by

L̄ij = ūiū ĵ − û̄iû̄ j , �12�

M̄ij = 2
̄2�S̄�S̄ˆij − 2
̄
ˆ2�S̄�ˆS̄

ˆ
ij . �13�

The test-filtered velocity û̄i is calculated using a box filter in
physical space. The test-filter width is twice the size of the
grid size.

III. NUMERICAL METHOD

The numerical method used to solve the low-Rem equa-
tions is based on a semi-implicit fractional step method;21 the
diffusion term in Eq. �7� is advanced in time with the Crank-
Nicolson method, while the nonlinear, the SGS, and the Lor-
entz force terms are advanced with a third-order Runge-
Kutta �RK3� method. All spatial derivatives are discretized
on staggered grids with the second-order central-difference
scheme. The Poisson equations for the pseudopressure and
the electric potential that are located at the center of each
computational cell are solved using a transform method with
modified wavenumbers corresponding to the second-order
central difference scheme, together with tridiagonal matrix
inversion. The time step is automatically computed using a
CFL=1 criterion. Once a statistically steady state is reached,
the statistics are averaged both in time and in space, in the
x−z plane. Based on the streamwise domain size Lx and the
bulk velocity U �Eq. �5��, typical integration times are al-
ways larger than 200 Lx /U, meaning that, on average, the
fluid crosses more than 200 times the computational domain.
Moreover, global statistics, like the turbulent kinetic energy,
have been checked to be statistically stationary during the
period of observation. In this study, the streamwise, wall
normal and spanwise direction are, respectively, along the x,
y, and z axes.

The simulations are performed using 96�97�96 grid
points in a 2��2�0.5 � computational domain. The choice
of the spanwise resolution �� /2� has been made for three
reasons. First, the optimal wavelength determined by Kras-
nov et al.10 corresponds to 2� /Ha and they used this value as
the spanwise size of the computational domain. Hence, for
any Ha�4, our computational domain is actually larger. All
the runs satisfy this condition, except of course, those with
Ha=0, which have been presented mostly to confirm that the
code was able to reproduce known results in the hydrody-
namic case. The spanwise resolution was also motivated by
the same choice �� /2� made in existing LES.13,16 Clearly,
choosing the same domain size allows easier comparisons.
Finally, it has also been checked that this spanwise domain
size is longer than the calculated two-point correlation
lengths for all cases studied. The computational grid is
stretched in the y-direction using a hyperbolic tangent func-
tion and is constant in the other directions. The correspond-
ing grid cell sizes depends on the Reynolds number as pre-
sented in Table I for the hydrodynamic cases.
Nondimensional units marked by the superscript “” are
defined as y+=yu� /� and u+=u /u� , where

TABLE I. Grid resolution in each direction at the hydrodynamic cases.

Re 
x+ 
ymin
+ −
ymax

+ 
zmax
+

8000 28.2 0.47–10.3 7.05

10000 34.5 0.45–13.3 8.62

14000 46.5 0.44–19.5 11.64

21000 65.0 0.49–28.6 16.25

FIG. 1. Re and Ha numbers corresponding to current simulations, �. Pre-
vious works: �, DNS by Lee and Choi �Ref. 4�; �, LES by Shimomura
�Ref. 16�; �, LES by Kobayashi �Ref. 13� �Re and Ha of the LES of both
Shimomura �Ref. 16� and Kobayashi �Ref. 13�, and of the DNS of Lee and
Choi �Ref. 4�, are based on the bulk velocity and the channel width�. The
solid line and the arrow indicate the way the present simulations approached
the critical value of R.

085109-3 Large-eddy simulations of the turbulent Hartmann flow Phys. Fluids 19, 085109 �2007�
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u� =� �

LxLz
�

0

Lx

dx�
0

Lz

dz
� ūx

�y 
wall

�14�

is the friction velocity. Particular care was taken to resolve
adequately the Hartmann layers of thickness 1/Ha formed at
the channel’s walls because of the wall-normal magnetic
field. The Hartmann layers in most of the cases are resolved
with more than nine grid points, while more than six grid
points are used for the higher Hartmann number cases. The
present simulations are carried out maintaining a constant
mass flow rate in time. The boundary conditions at the non-
conducting wall for the resolved quantities are

ūwall = 0, � j̄y�wall = −  ��̄

�y


wall
= 0, �15�

where jy is the wall-normal component of the current density.
Periodic boundary conditions are used in the streamwise and
spanwise directions. The Hartmann flow, however, requires
another condition imposed by the nature of the channel’s side
walls in the real experiment. Assuming that the channel’s
side walls constitute an open circuit, the net current through
the sidewalls vanishes and the following condition is ob-
tained:

�
0

Lx

dx�
−1

1

dy�
0

Lz

dzj̄z = 0. �16�

This condition in the presence of a wall-normal external
magnetic field implies that the mean spanwise electric field is
given by

�Ēz� = −� ��̄

�z
� = −

1

2
B0�

−1

1

dy�ūx� . �17�

The code has been first successfully compared against the
laminar analytic solution for various Ha numbers �e.g., in
Mitchner and Kruger22� as well as against the DNS results of
Lee and Choi4 and Boeck et al.11 and the LES results of
Kobayashi.13 In Fig. 2, a comparison between cases 5b and
5c for R=700, Ha=15 and 20 against the DNS results from
Boeck et al.11 for the mean streamwise velocity u+ versus y+

is presented.

A number of runs characterized by different Hartmann
and Reynolds numbers have been performed �see Table II�.
Each series of simulations corresponding to the same value
of Re �Re=8 000, 11 000, 14 000, and 21 000� is initiated
from the hydrodynamic case �Ha=0�. Then, Ha is gradually
increased in order to determine the value of R that corre-
sponds to the transition to the laminar regime for all four Re
numbers. This choice is made to avoid a premature laminar-
ization induced by artificial initial conditions. For the four
sets of simulations, the procedure is stopped when a laminar
flow is observed.

From the different combinations of Re and Ha numbers
presented in Table II, we can also identify groups of similar
N numbers. These sets are used in the following to explore
the possible role of N in the turbulent regime.

IV. RESULTS AND DISCUSSION

A. LES study of the transition

The averaged turbulent kinetic energy of the resolved
velocities versus R is shown for all cases in Fig. 3. As ex-
pected, the energy of the fluctuations decreases with R since
the Lorentz forces become stronger. For R�500 and Re
�14 000 the flow is almost laminar for every Re. For Re
=21 000 laminarization occurs at higher R, but for Re
�14 000, low amplitude fluctuations are still present at R

FIG. 2. Comparison against the DNS results of Boeck et al. �Ref. 11� for the
mean velocity profiles for R=700: solid line, present results for Ha�15;
- - -, present results for Ha=20; �, Boeck et al. for Ha=15; 
, Boeck et al.
for Ha=20.

TABLE II. Summary of the parameters for the different runs performed.

Case R Re Ha N

1a � 8000 0 0

1b � 10000 0 0

1c � 14000 0 0

1d � 21000 0 0

2a 1500 14000 9.3 0.0062

3a 1000 14000 14 0.014

4a 800 8000 10 0.0125

4b 800 10000 12.5 0.0156

4c 800 14000 17.5 0.0218

4d 800 21000 26.25 0.0328

5a 700 8000 11.42 0.0163

5b 700 10000 14.28 0.0204

5c 700 14000 20 0.0285

5d 700 21000 30 0.0428

6a 600 8000 13.33 0.0222

6b 600 10000 16.66 0.0277

6c 600 14000 23.33 0.0388

6d 600 21000 35 0.0583

7a 550 8000 14.54 0.0264

7b 550 10000 18.18 0.033

7c 550 14000 25.45 0.0462

7d 550 21000 38.18 0.0694

8a 535 14000 26.16 0.0489

9a 500 8000 16 0.032

9b 500 10000 20 0.04

9c 500 14000 28 0.056

9d 500 21000 42 0.084
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=500. The presence of fluctuations with a small turbulent
kinetic energy for R=500 seems to indicate that the flow has
entered a transitional regime �at least in the range Re
�14 000�.

The decrease of the resolved turbulent kinetic energy, as
R is decreased, is also characterized by changes in the flow
structure. The flow for high Ha is characterized by the for-
mation of thin Hartmann layers at the walls and by a plateau
at the center of the channel. For instance, snapshots of the
streamwise velocity in an x−y plane for Re=10 000 at R
=550 and R=� are shown in Fig. 4. In the MHD case at R
=550, the fluctuations are mostly confined close to the walls
and an almost laminar flow exists at the center of the chan-
nel, while, using the same scale, the fluctuations are clearly
observed in the entire channel in the hydrodynamic case �R
= � �.

This behavior can also be observed in Fig. 5 where the
mean streamwise velocity profile �ū x

+� is plotted in wall units
y+ for different R. Close to the wall all the curves collapse
with the wall-law of the hydrodynamic viscous sublayer
��ū x

+�=y+� as already observed in previous studies �see, for
example, Ref. 25�. This means that very close to the walls no
significant deviation from the usual hydrodynamic behavior
of the turbulent channel flow is observed. For the hydrody-
namic case and the cases of weak magnetic fields �R
�1000�, the mean velocities are similar. However, away

from the walls a flattening and a deviation of the usual loga-
rithmic law �i.e., �ū x

+�=2.5 ln�y+�+5.5� is observed with the
increase of the magnetic field. A logarithmic region seems to
be present in most simulations, but its slope tends to decrease
with R. Actually, the extension of the logarithmic region
seems also to decrease with R and, close to the transition R
�500, it has almost disappeared.

For R�1000 a plateau is observed in the center of the
channel as shown in Fig. 5. The formation of the plateau
does not necessarily coincide with the laminarization of the
flow as can be observed from the root-mean-square resolved
velocity fluctuations and from the Reynolds shear stresses
shown in Fig. 6. The distribution of the Reynolds shear
stresses indicates that the decrease of R damps the flow tur-
bulence, especially at the center of the channel, as expected.
In our simulations, the flow remains turbulent even for R
=535 as Fig. 6 shows. Although the turbulent statistics for
R=535 and 550 are close, further decrease to R=500 results
asymptotically in a laminar flow. The critical value of R
�500 is slightly lower than the value observed in previous
LES �Refs. 13 and 16� of the Hartmann flow performed with
a lower resolution, but remains higher than the threshold for
laminarization experimentally reported by Moresco and
Alboussière.8 It must be noted however that their experi-
ments correspond to much higher hydrodynamic Reynolds
and Hartmann numbers than in our simulations, and were
performed in a different geometry, a toroidal duct with a
square section. Various factors can contribute to the differ-
ence between the laminarization threshold found in the
present study and the critical Reynolds number for transition
reported by Krasnov et al.,10 which they placed in the range
350�R�400. While one cannot rule out that differences in
the numerical methods adopted in the two studies, and the
use of a subgrid-scale model in the present LES, could have
contributed to this discrepancy, a more likely scenario relates
to the transition mechanism active in Hartmann flow. In
shear flows with subcritical nonlinear transition, such as
Hartmann flow, the Reynolds numbers for transition to tur-
bulence and laminarization do not necessarily coincide. One
can speculate that the transition to turbulence was obtained

FIG. 3. Averaged resolved turbulent energy vs R: �, Re=21000; �, Re
=14000; �, Re=10000; �, Re=8000.

FIG. 4. �Color online� Snapshot of normalized streamwise velocity in an
x−y plane for Re=8000: �a� Ha=0 �contour levels: 0:0.067:0.86�; �b� R
=550 �contour levels: 0:0.067:0.78�.

FIG. 5. Mean velocity profiles for Re=14000 as a function of distance from
the wall: - - -, R=1500; - · -, R=1000; · · ·, R=800; — — —, R=700;
– · · –, R=600; —- —- —-, R=550; — - —, R=535. The thin solid line
corresponds to the hydrodynamic case and the thick lines to the wall-laws.
The internal plot presents the plateau formed in the mean velocity profile for
the indicative case R=700 in the region y+�400.
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by Krasnov et al. at 350�R�400 by using special �optimal�
initial perturbations. In the absence of such perturbations
with sufficiently high amplitude, the laminarization can oc-
cur at higher R. In fact, at the end of their paper, Krasnov et
al. provide evidence that supports this explanation. They
showed that starting with 3D perturbations at Re=6600 and
Ha=15 �R=440� results in eventual laminarization, albeit af-
ter long and eventful evolution that includes growth of
streamwise streaks.

B. Similarities of turbulent statistics for constant R

The turbulence intensity of the resolved energy reported
in Fig. 3 seems to indicate that the statistics of the flow also
depend on the hydrodynamic Reynolds number. However,
considering the difficulty in accurately determining the tran-
sition threshold using numerical simulation, it is remarkable
that the four sets of runs corresponding to fairly different Re
lead to almost the same critical value of R for the laminar-
ization. Similarities of turbulent statistics for constant R are
further studied by considering the runs with R=800 and 600.
The ratio between the higher and the lower Ha in each series
is approximately 3, and Ha is about 30% higher for R=600.

The mean streamwise velocity profiles are plotted in
wall units y+ for R=800 and 600 in Figs. 7�a� and 7�b�. It
appears that the results are fairly independent of Re, except
for the largest hydrodynamic Reynolds number �cases 4d and
6d�.

The rms velocity fluctuations and the Reynolds shear
stress for constant R appear to be more sensitive to the in-
crease of Re than the velocity profile. As Figs. 8�a� and 8�b�
show for R=800, the higher the Ha, the less intense the
turbulence of the Hartmann flow. For Re�21 000, although
the amplitudes differ, the shape of the distributions and the
positions of their maxima are very close. Note, however, that
for the smallest value of Re, the differences in turbulent in-
tensities and Reynolds shear stress are very small.

C. Similarities of turbulent statistics for constant N

For the relatively low Re numbers used in the present
study, for example much lower than in the experiments by
Moresco and Alboussière,8 the turbulent flow is expected to
be quite sensitive to Ha. The turbulent statistics of cases 4
and 6, as presented in Fig. 6, are different than the one for
N=0.006 and 0.01, respectively, of Lee and Choi4 although

FIG. 6. Root-mean-square resolved
velocity fluctuations �a�–�c� and Rey-
nolds shear stress �d� for Re=14000.
The rms velocity fluctuations have
been normalized with the wall-shear
velocity of the hydrodynamic case.
The solid line corresponds to the hy-
drodynamic case. See Fig. 5 for
captions.

FIG. 7. Mean velocity profiles: �a� R
=800: - - -, case 4a; – · –, case 4b;
· · ·, case 4c; — —, case 4d, �b� R
=600: - - -, case 6a; – · –, case 6b;
· · ·, case 6c; — —, case 6d. The solid
lines correspond to the hydrodynamic
wall-laws.
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these cases correspond to similar R. In fact, the turbulence
appears to be weaker in the case of smaller Re for the same
R. A similar conclusion can be reached when compiling the
results of Tanahashi et al.,23 Kenjeres et al.24 �especially for
the DNS results of Noguchi et al. reported therein�, Satake et
al.,25 and Satake et al.26 Thus, it seems that, for the range of
parameters considered here, the results may depend on an-
other parameter than R.

Such a conclusion seemingly contradicts the observa-
tions by Boeck et al.11 based on DNS. However, they have
been using a definition for the hydrodynamic Reynolds num-
ber Re that is based on the centerline velocity of the MHD
laminar solution instead of the average velocity U �defined
by formula 5� as in Refs. 13, 16, 25, and 26 or the centerline
velocity Uc=3U /4 of the hydrodynamic laminar solution as
in Ref. 4. This difference has the consequence that both the
modified Reynolds number R and the interaction parameter
N in Ref. 11 have a slightly different meaning. In particular,
the four runs at R=500 actually correspond to R=450, R
=467, R=475, and R=483 according to the more traditional
definition adopted here.

Nevertheless, it is possible to analyze our result consid-
ering that there is another similarity parameter. In particular,
we have considered the magnetic interaction parameter N.
The comparison of the statistics for constant N was inspired
also by MHD homogeneous turbulence studies, see for ex-
ample, Zikanov and Thess3 and Schumann.27 In these stud-
ies, results like the energy decay, mean properties and turbu-
lence statistics seem to depend mainly on N even for
different Re. Also, the value for N characterizes the flow
regime. The same observation can be made here for the av-
eraged turbulent kinetic energy when plotted in Fig. 9 versus
N �instead of versus R like in Fig. 3�, the resolved turbulent
energies for all fully turbulent cases collapse into the same
line, independently of the particular values of Re and Ha.

As above, the comparison of the turbulent statistics for
constant N is based on the mean velocity and the resolved
rms fluctuations. Four series of cases with almost the same
interaction parameters �N�0.015, N�0.02, N�0.026 and
N�0.032� have been selected from Table II. The mean
streamwise velocity profiles are presented in Fig. 10. Except
for minor differences, the mean velocity profiles in all series

of cases for constant N collapse on a single curve, much
better actually than for constant R. This good match and the
reported experience �see, for example, Cabot28� that even
coarse LES of the channel flow predicts well the first order
statistics �fairly close to the DNS� seems to indicate that, at
least for the range of the parameters considered here, N can
be considered as a similarity parameter.

The situation is however less clear when the resolved
rms fluctuations are considered. For instance, considering the
cases with N�0.02 in Fig. 11, it appears that the streamwise
component of the root-mean-square velocity fluctuation for
cases 6a and 5b matches until y+�50, while for the larger Re
of case 7b the results are significantly different. The other
components of the resolved rms fluctuations are even more
sensitive to Re. It must be realized however that the influ-
ence of the SGS model is stronger on the high order statis-
tics, especially when Re increases.

D. Influence of the SGS model

As usually in LES studies, it is interesting to compare
the eddy viscosity �t to the molecular viscosity. In Fig. 12,
the profile of �t of case 1d is also compared against the
results of Cabot28 for the similar case of Re�=1050. Al-
though certain differences exist between the two cases, the
similar �t profiles indicate that the present SGS model is
performing as expected. When the magnetic field is turned
on, the maximal values of �t of all cases shown in Fig. 12 are

FIG. 8. Root-mean-square resolved velocity fluctuations: �, �u2�1/2; �, �v2�1/2; �, �w2�1/2 �a� and Reynolds shear stress �b� for R=800: —, case 4a; · · ·, case
4b; – · –, case 4c; – – –, case 4d. The rms velocity fluctuations have been normalized with the wall-shear velocity of the case Re=14000.

FIG. 9. Averaged resolved turbulent energy vs N: �, Re=21000; �, Re
=14000; �, Re=10000; �, Re=8000.
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reduced. For case 5d that has the same Re as in case 1d, the
reduction reaches 40%. This is a direct consequence of the
turbulence suppression due to the magnetic field into the
SGS model. Thus, the SGS model has less influence for the
MHD cases than for Ha=0, because less flow scales have to
be modelled. This probably explains why most of our LES
results are in reasonable agreement with the DNS results of
Boeck et al.11 presented in Fig. 2.

The analysis of the SGS model, keeping constant either
R or N, yields the same conclusion. In all cases, as Re in-
creases, the contribution of the SGS model increases because
more flow scales have to be modelled. Thus, as in the hydro-
dynamic case, for increasing Re, the LES results in MHD
rely more and more on the SGS model.

It must also be acknowledged that a possible grid depen-

dency may be observed in a LES study. For instance, the
threshold R observed by Kobayashi13 is slightly higher than
the value observed here using a finer grid.

V. CONCLUSIONS

The turbulent Hartmann flow has been studied for
8000�Re�21000, 9�Ha�42, 0�N�0.08, and 500�R
�1500 using a standard LES procedure based on the dy-
namic Smagorinsky model. The main objectives were first to
investigate the effects of decreasing R for constant Re, and
then to examine possible similarities of turbulent statistics
for constant R or constant N, but for different Re and Ha
numbers.

FIG. 10. Mean velocity profiles as a
function of distance from the wall: �a�
N�0.015: solid line, case 5c; - - -,
case 4b; - · -, case 3a, �b� N�0.02:
solid line, case 6a; - - -, case 5b; - · -,
case 4c, �c� N�0.028: solid line, case
7a; - - -, case 6b; - · -, case 5c, �d� N
�0.032: solid line, case 9a; - - -, case
7b; - · -, case 4d.

FIG. 11. Root-mean-square resolved velocity fluctuations: �, �u2�1/2; �,
�v2�1/2; �, �w2�1/2 for N=0.02: solid line, case 6a; - - -, case 5b; - · -, case 4c.
The rms velocity fluctuations have been normalized with the wall-shear
velocity of each case.

FIG. 12. Mean eddy viscosity �scaled by the molecular value� for constant
R=700 �lines with �: - - -, case 5a; - · -, case 5c; solid line, case 5d� and
constant N�0.02 �lines with �: - - -, case 4c; - · -, case 5b; solid line, case
6a�. We also provide for comparison, case 1d �solid line� and the results of
Cabot �Ref. 28� for the similar Re�=1050, �.
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As expected, decreasing R has been shown to lead to a
relaminarization of the Hartmann flow. Remarkably, despite
the fairly low LES resolution used in this study, the laminar-
ization threshold is found to be almost independent of the
hydrodynamic Reynolds number, confirming that R is the
relevant controlling parameter for the transition between
laminar and turbulent MHD channel flow. We note however
that the analysis of velocity profiles shows that the similarity
parameter could also be taken to be N. For high Ha, the
velocity profile exhibits a plateau at the center of the channel
and the fluctuations seem to be produced and confined close
to the walls. The hydrodynamic viscous sublayer law �ū x

+�
=y+ is valid for all the studied cases, as already shown in the
earlier DNS work of Satake et al.,25 and also repeated by
others, i.e. Boeck et al.11 The logarithmic region seems to be
quite strongly affected by the value of R. Both its slope and
extension decrease with R. As previously mentioned, in the
present LES, the logarithmic region almost disappears for
small values of R. Remarkably, for moderate hydrodynamic
Reynolds numbers, the present LES produce velocity profiles
that are almost independent of Re.

These results are very encouraging since many expected
features of the Hartmann flows are reproduced by LES using
the widely used DSM. Note that this model has not been
adapted specifically for MHD, and that exactly the same for-
malism has been used as in LES of turbulence in nonconduc-
tive fluids. This confirms the ability of the dynamic proce-
dure to produce model parameters that are well adapted to
the physics of the flows for a wide variety of situations.
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