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Abstract

A series of direct numerical simulations (DNS) are performed to study the natural convection heat transfer between concentric cyl-
inders at several Rayleigh and Hartmann numbers. The buoyant flow is driven by the temperature difference between the inner and the
outer walls, with the inner wall being at lower temperature, while an external transverse magnetic field is imposed. Both laminar and
turbulent flows are observed depending on the magnitude of the Rayleigh and Hartmann numbers. The resulting flow structures of
the cases studied were both laminar and turbulent. The results show the 3D nature of turbulence and the tendency of the magnetic field
to form narrow Hartmann layers, 3D jets and wakes at specific azimuthal angles. Some particular features of the turbulent regime as well
as the heat transfer are also investigated. The magnetic field effect on the convective heat transfer is assessed via the Nusselt number
showing that conduction dominates as the Hartmann number increases.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

In the last decades, numerous studies have dealt with
magnetohydrodynamic (MHD) liquid metal flow and heat
transfer. The basic motivation has been the efficient design
of the blanket of the magnetically confined fusion reactor.
The main research efforts in such configurations relate to
increasing the heat transfer and decreasing the fluid pres-
sure drop along the flow channel. The pressure drop in
MHD pipes and ducts is proportional to the Hartmann
number, implying that the stronger the magnetic field, the
more expensive the fluid pumping for heat removal. Thus,
avoiding heat removal by forced convection and using effi-
cient natural convection as an alternative, it may be more
economic. Because a significant amount of heat in the blan-
ket is due to nuclear irradiation, the best choice for the
working fluid is liquid metal, but the presence of strong
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magnetic fields may suppress the fluid motion and reduce
the required heat transfer rates [1]. An alternative configu-
ration proposed recently [2,3] (consisting of two concentric
cylinders, where the liquid metal is placed between the cyl-
inders and a non-conductive gas in the internal cylinder)
may reduce significantly the negative MHD effects. By
using this configuration, the non-conductive gas can
remove the heat without any additional pressure drop
due to the presence of the magnetic field. This constant-
in-time process of heat removal keeps the inner cylinder
in lower temperature than the external one.

Among the relevant MHD investigations, Uda et al. [4]
studied both experimentally and numerically a natural
convection liquid metal flow between a tube and a heater
pin that was placed on the axis of the tube. A transverse
magnetic field was applied on the fluid and the mechanism
of heat transfer was studied. For their simulations the k � �
model as adapted for MHD natural convection flows
model has been used. Moreover, Serizawa et al. [3]
performed an experiment in a vertical tube using a NaK/
Nitrogen flow and applying an external transverse
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Nomenclature

B0 magnitude of the external magnetic field (kg/
(s2 A))

H aspect ratio H = L/R = 3
p fluid pressure (bar)
L length of the cylinders (m)
uz, ur, uh non-dimensional axial, radial, circumferential

velocity components
R = Ro � Ri the gap between the cylinders (m)
Ro radius of the outer cylinder (m)
Ri radius of the inner cylinder (m)
ro non-dimensional radius of the outer cylinder
ri non-dimensional radius of the inner cylinder
Nu Nusselt number
To temperature of the outer wall (K)
Ti temperature of the inner wall (K)
r, h, z spatial coordinates
DT = To � Ti temperature difference between the cylin-

ders (K)

Pr = m/a Prandtl number
Ra = gbDTR3/ma Rayleigh number
Ha ¼

ffiffiffiffiffiffiffiffiffiffi
r=qm

p
B0R Hartmann number

t time (s)
Dt time step (s)
g gravity acceleration (m/s2)

Greek letters

m fluid kinematic viscosity (m2/s)
q fluid density (kg/m3)
r electric conductivity (ms3 A2/kg)
U electric potential (m2 kg/s3 A)
s non-dimensional time
a thermal diffusivity (m2/s)
b coefficient of thermal expansion (1/K)
W non-dimensional stream function
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Fig. 1. Flow configuration and boundary conditions.
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magnetic field, demonstrating that the heat transfer was
asymmetric. Similar results were found in the numerical
study of Li et al. [2] for a liquid metal/gas annular flow
in a vertical pipe under the effect of a transverse magnetic
field.

In the present work a similar configuration is considered
where a liquid metal is placed between two coaxial vertical
cylinders while an external transverse magnetic field is
applied. The main purpose is to investigate the basic hydro-
dynamic natural convection flow and the effect of the mag-
netic field on the MHD flow and heat transfer. In difference
to previous studies, the effect of the magnetic field on the
3D turbulent heat transfer regime is investigated. This
regime corresponds to certain combination of the flow con-
trolling parameters such as the Rayleigh and Hartmann
numbers.

2. Problem description and model setup

A closed concentric cylindrical configuration shown in
Fig. 1 is used with an aspect ratio H = L/R = 3, where L

is the length of the cylinders, and the annular gap
R = Ro � Ri where Ro, Ri are the radius of the outer and
inner cylinders, respectively. The non-dimensional radius
of the cylinders are ri = Ri/R = 0.2 and ro = Ro/R = 1.2.
While preliminary simulations were done using an aspect
ratio of 1, it was decided to concentrate on more elongated
domains mainly because they are more representative of
the one that may be used in the liquid metal blankets.
The choice of aspect ratio 3 corresponds to a fair balance
between the actual design needs of the blankets and the effi-
ciency of the used direct numerical simulation method.
Both outer and inner walls are assumed isothermal, with
the outer wall temperature To greater than that of the inner
wall Ti. A liquid metal with Prandtl number of 0.0321 is
placed between the cylinders, interacting with an external
transverse magnetic field B0. Any flow-induced magnetic
field is assumed to be very small in comparison to the exter-
nal field and, thus, the low magnetic Reynolds number
approximation is adopted [5].

The magnetohydrodynamic equations (continuity,
Navier–Stokes, energy and electric potential) were made
dimensionless using as characteristic quantities, the dis-
tance R between the two cylinders, the temperature differ-
ence DT = To � Ti, the free fall velocity uref ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gbDTR
p

,
the magnitude of the external magnetic field B0, an electri-
cal potential RurefB0 and a reference time R/uref:
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where T = (T* � Ti)/(To � Ti) is the dimensionless temper-
ature, p is the pressure, and J, U are the electric current and
electrical potential, respectively.

The liquid metal is considered as Newtonian, the Bous-
sinesq approximation is used for the buoyancy term, and
the effects of viscous dissipation and Joule heating are
neglected. These simplifications are almost universal for
all MHD natural convection flows. The Rayleigh number
is defined as Ra = gbDTR3/ma, the Hartmann number as
Ha ¼

ffiffiffiffiffiffiffiffiffiffi
r=qm

p
B0R, and the Prandtl number as Pr = m/a.

No slip conditions are assumed on the walls (ur =
uh = uz = 0 for z = 0 and H, r = ri and ro), constant
temperatures at the inner and outer cylindrical walls
(T = 0 for r = ri, T = 1 for r = ro), and zero heat fluxes at
the bottom and top walls (i.e., adiabatic conditions
@T
@z ¼ 0 for z = 0, H). Also the normal derivative of the elec-
trical potential is kept zero at the walls: oU/on = 0.

Heat transfer is assessed via the local and average Nus-
selt numbers. The local Nusselt numbers along the inner
and outer cylinders are calculated as the actual heat trans-
fer divided by the heat conduction

NuiðhÞ ¼ ln
ri

ro

� �
r
@T
@r

� �
r¼ri

;

NuoðhÞ ¼ ln
ri

ro

� �
r
@T
@r

� �
r¼ro

: ð6Þ

The azimuthally averaged Nusselt numbers at the inner
and outer cylinders are given by

Nui ¼
1

2p

Z 2p

0

NuiðhÞdh; Nuo ¼
1

2p

Z 2p

0

NuoðhÞdh; ð7Þ

while the total averaged (i.e., axially and azimuthally) Nus-
selt numbers at the inner and outer surfaces are calculated,
as

Nui;tot ¼
1

2pL

Z 2p

0

Z L

0

NuiðhÞdzdh;

Nuo;tot ¼
1

2pL

Z 2p

0

Z L

0

NuoðhÞdzdh: ð8Þ

In the present study, direct numerical simulations were
conducted for two Ra values (one corresponding to lami-
nar and the other to turbulent flow) and for various values
of Ha. The use of DNS instead of Reynolds-averaged mod-
els for the present flow was preferred because it gives the
finest description of the flow and heat transfer phenomena
while it was feasible with the available computer facilities
for the range of parameters used. Furthermore, the in-
crease of Ha may cause transition of the turbulent flow
to laminar that is very difficult to be studied with
Reynolds-averaged models. The governing equations were
discretized in a staggered non-uniform mesh with second-
order accurate finite difference schemes [6]. The resulting
system of algebraic equations was solved with a fractional
step method where a hybrid scheme was used for the time
integration. The diffusion terms were advanced in time with
a Crank–Nicolson method, while the non-linear terms, the
buoyancy and Lorentz force terms with an economic third-
order Runge–Kutta method [7]. The numerical model was
verified using the numerical results of De Vahl Davis and
Thomas [8] for a similar configuration but with the internal
cylinder being hotter. The results presented in Fig. 2 show
that the most grid-sensitive quantity, i.e., Nu, is very close
predicted by the present numerical model.

For a resolved DNS, the specific features of the flow and
heat transfer must be considered. In particular, the increase
of Ha results to smaller Hartmann layers of thickness �1/
Ha, while the increase of Ra results to smaller Kolmogorov
scales, boundary layers and Batchelor scales. All these
requirements were taken into account in the present direct
numerical simulations by using the analysis proposed by
Grötzbach [9] where the appropriate Kolmogorov scale g
can be a function of Nu for fluids with Pr < 1. The value
of Nu needed for the grid sizing is given by an exponential
function of Ra and Ha for MHD natural convection flows
according to Aurnou and Olson [10]. As a result, two non-
uniform grids of 32 · 32 · 96 and 64 · 64 · 128 (azimuthal,
radial and axial directions) were used for the simulation of
two cases with Ra = 103 and 105, respectively. The assump-
tion for the construction of the grid was tested by perform-
ing also a grid independence test. For this purpose, the
more demanding MHD case of Ra = 105 and Ha = 100
was chosen. The range of the grids used in these tests
and the results of each case are presented in Table 1. The
comparison of the different quantities (maximum or mini-
mum values of all velocity components or the Nusselt num-
ber that is the most sensitive to the grid size) justifies the



Table 1
Grid independence test for the case Ra = 105 and Ha = 100

Grid 32 · 32 · 64 64 · 64 · 128 97 · 97 · 176 181 · 181 · 353

uh,max 0.225 0.381 0.404 0.394
uh,min �0.337 �0.457 �0.456 �0.410
ur,max 0.342 0.292 0.294 0.340
ur,min �0.336 �0.468 �0.498 �0.450
uz,max 0.430 0.741 0.754 0.787
uz,max �0.604 �0.756 �0.731 �0.820
Nu 1.843 2.126 2.159 2.182
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choice of the used grid, as well as the methodology used for
its determination.

The range of the Ra numbers considered here can be
found in the specific conceptual design of the fusion blan-
ket system, although higher Ra values can also be
observed. Moreover, although the selected maximum Ha

number of 100 laminarizes the flow, even much higher val-
ues of Ha are expected in the real blanket. Thus, the use of
fine grids at the Hartmann layers and the transitional
regime of the MHD flow as the magnetic field increases
may render the DNS an unavoidable tool for accurate
simulations.

3. Results and discussion

The hydrodynamic simulations (i.e., Ha = 0) for each
Ra were started using arbitrary flow and thermal fields
and the time integration stopped when stationary or steady
state flow was reached. The simulations for nonzero Ha

values were restarted using the hydrodynamic cases as ini-
tial conditions.

3.1. Laminar flow case – Ra = 103

For the laminar flow case (Ra = 103) the effect of the
magnetic field is illustrated in Fig. 3a–c where the axial
velocity distribution is shown for Ha = 0, 25 and 100,
respectively. As shown in Fig. 3a, when there is no mag-
netic field, a uniform axial velocity distribution is observed
in the h direction and as a result the flow is axisymmetric.
The red color indicates the regions where the fluid ascends
and the blue color those where it descends. When the mag-
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netic field is imposed, the flow is characterized by interest-
ing changes, mainly with respect to its axisymmetry, as it
can be seen in the vector plots of Fig. 4 taken in two differ-
ent h = 0� and h = 90� planes. As shown in Fig. 3b, two
pairs of wakes are formed in the regions of the cylindrical
walls parallel to the magnetic field and, as a result, the flow
loses its axisymmetry. The usual action of an externally
imposed uniform magnetic field on the flow of liquid met-
als is to form quasi-2D vortices aligned with the direction
of the magnetic field. In these vortices, already studied
for the case of Rayleigh–Bernard MHD convection [11],
the fluid rotates in planes perpendicular to the magnetic
field direction. The same phenomenon can also be observed
in other wall-bounded flows, as the one studied here, form-
ing vortices with 3D rather than quasi-2D patterns. This
phenomenon, observed also for the concentric pipe flow
studied by Todd [12], is more intense as the magnetic field
increases (Fig. 3c). In this case the wakes are thinner and
closer to the cylindrical walls parallel to the magnetic field.
Consequently, when a magnetic field is applied, the flow
should be treated as fully 3D, even in the laminar case.

The effect of the magnetic field on the temperature dis-
tribution is demonstrated in Fig. 5a–d, where the isotherms
at h = 0� are shown for Ha = 0, 10, 25 and 50, respectively.
In the absence of a magnetic field (Fig. 5a) the curving of
the isotherms near the bottom part of the annular cavity
indicates that convection is the main heat transfer mecha-
nism. The effect of the magnetic field is to decrease the heat
convection as indicated by the smaller curvature of the iso-
therms in Fig. 5b, and for stronger magnetic fields heat
conduction dominates as shown in Fig. 5c and d.

Fig. 6a and b shows the evolution of the velocity and
Fig. 6c and d the evolution of the temperature at two axial
positions (z = 0.5 and 1.7), at azimuthal angles h = 0� and
90�, respectively, radial distance r = 1.16, and for Ha = 0,
25 and 50. The selected monitoring points are near the
mid z-plane (z = 1.7) and the bottom (z = 0.5) of the flow
domain. The solid lines correspond to the hydrodynamic
case, and the other lines to different values of Ha as indi-
cated. The MHD cases were simulated starting from the
same initial hydrodynamic fields (at time t = 10). The pres-
ence of the magnetic field produces 3D effects on the veloc-
ity field as shown in the velocity evolution. It should be
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Fig. 4. Vector plots at planes (a) h = 0� and (b) h = 90� for Ra = 103 and
Ha = 50.
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noted that the temperature field remains almost axisym-
metric for Ha = 50. It was found that the increase of Ha
leads to a decrease of total averaged Nusselt number at
both surfaces (not shown here) and conduction becomes
the main heat transfer mechanism.

3.2. Turbulent flow case – Ra = 105

The turbulent regime of this flow is also studied for
Ra = 105 and several Ha values. Although this Rayleigh
number is not particularly high, after some initial tran-
sients, the resulting hydrodynamic flow sustained a station-
ary level of turbulence, as illustrated in Fig. 7a and b,
where the instantaneous temperature and azimuthal veloc-
ity fields are shown, respectively. The breaking of the axi-
symmetry of the temperature field, as indicated by the
isotherm T = 0.75 in Fig. 7a, is one of the main features
of this turbulent flow, not present in the laminar case.
Fig. 5. Isotherms at h = 0� for Ra = 103: (a) Ha =
The breaking of the temperature symmetry and the ensuing
turbulent flow has as an immediate result the increase of
the azimuthal velocity (Fig. 7b), producing fully 3D flow
effects.

The complete turbulent behavior is depicted in Fig. 8a
where the time evolution of the total kinetic and thermal
energies of the flow is shown for Ha = 0, 50 and 100.
The MHD cases were simulated starting from the same ini-
tial hydrodynamic fields (at time t = 40). The increase of
Ha results in the decrease of both these energies. For stron-
ger magnetic fields (Ha = 100) the value of the kinetic
energy becomes very small, as shown in Fig. 8a, indicating
that the fluid motion has decreased significantly. The time
evolution of both energies remains unchanged for the
higher Ha studied here, suggesting that the flow becomes
steady state after a short time. This effect is also very well
depicted in the temperature evolution at two internal loca-
tions of the flow, as shown in Fig. 8b. Both monitoring
points are close to the bottom of the domain and close to
the sidewalls. The increase of Ha suppresses the tempera-
ture fluctuations. For the higher Ha value studied, the
resulting temperature value of the monitoring point near
the external cylinder is very close to the values expected
when heat conduction is the main transfer mechanism,
i.e., when fluid velocity goes to zero. This result indicates
that the primary effect of the magnetic field is to decrease
convection heat transfer. The domination of conduction
over convection heat transfer starts from the external cylin-
der rather than the internal one.

Before presenting the specific characteristics of the
MHD flow, it will be interesting to describe the turbulent
features of the hydrodynamic case shown in Fig. 9, where
the instantaneous fields of some important turbulent quan-
tities averaged over h are presented. From left to right,
these quantities are the isotherms, the average streamlines,
the turbulent kinetic and thermal energies, azimuthal vor-
ticity (xz) and the Reynolds stresses u0hu0h, u0ru

0
r and u0zu

0
z.
0, (b) Ha = 10, (c) Ha = 25 and (d) Ha = 50.
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Fig. 7. Instantaneous temperature (a) and azimuthal velocity field (b) for
Ra = 105 and Ha = 0.
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The instantaneous flow is ascending across the hotter
external cylinder and descending across the internal one.
Except of the main flow patterns, several smaller circula-
tion patterns are observed in the corners and near the sur-
face of the external cylinder. The h-averaged fields of
temperature T and stream function are quite smooth as a
result of the averaging over h. For the specific time of the
snapshot, the highly unstable area of the flow field is in
the corner formed by the internal cylinder with the bottom
wall. In this region, the colder flow stream generates a
counter-rotating vortex resulting in local enhancement of
the turbulent kinetic energy, and consequently of the
Reynolds stresses. Above this region, there is another one
where instabilities are produced, mainly because of the
local maximum of the thermal turbulent energy. Thus,
both kinetic and thermal energies may be equally responsi-
ble for sustaining the turbulent fluctuations.

Almost the same turbulent features, as in the hydrody-
namic case above, is observed for the MHD case of the
low Ha = 10. However, for high Ha values, an almost lam-
inar flow occurs but with stronger convection currents than
in the laminar case presented in Section 3.1. Fig. 10 illus-
trates the most important features of the MHD flow for
Ha = 100 at time t = 102. Starting clockwise from the
upper-left, the 3D distributions of the isotherms, axial
velocity uz, electric current Jr, and electric potential U are
presented. The significant result of Fig. 10 is the strong
connection between the electric, velocity and thermal fields.
The non-uniformity of the temperature near the internal
and external walls in the four regions where these walls
are parallel to the magnetic field follows the pattern of
the electric field, which is also observed in the velocity field.
Thus, the fluid jets that are formed in these four regions are
a direct effect of the magnetic field. Similar conclusions
were also drawn by Todd [12] for the Hartmann flow in
annular pipes.

Another important observation is the narrow Hart-
mann layers (at 90� and 270�) of the wakes near the



Fig. 10. 3D distribution of isotherms (upper-left), vertical velocity uz

(upper right), electric potential U (lower left) and electric current Jr (lower
right) for Ra = 105 and Ha = 100.
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two cylinders where the electric current flows. In particu-
lar, it seems that at 90� the electric current in passing
through the Hartmann layer of the internal cylinder
makes a radial circuit with the opposite electric current
in passing through the Hartmann layer of the external
cylinder. The electric current follows the same path also
at 270�.

Some of the heat transfer characteristics of the turbulent
flow and the effect of the magnetic field are illustrated in
Fig. 11 in terms of the instantaneous local Nusselt number
distribution on each cylinder for Ra = 105 and Ha = 0 and
100. For the hydrodynamic case, there are no systematic
features observed, like structures repeated in h, except of
the very low heat transfer of the upper two-thirds of the
cylinders (for z > 1) and the intense heat transfer at their
lower part. Exactly the opposite heat transfer distribution
(but more uniform at the upper domain) appears on the
inner cylinder. In contrast, for the MHD case of
Ha = 100 presented in Fig. 11, the uniformity of both
boundaries is disturbed by local azimuthal maxima (at
h = 90� and 270�) and the additional azimuthal waves close
to the regions of lower heat transfer.



Fig. 11. Instantaneous local Nu distribution on the internal (left) and external (right) cylinders for Ra = 105: Ha = 0 (upper) and Ha = 100 (lower).
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4. Conclusions

Some of the basic features of the hydrodynamic and
magnetohydrodynamic, laminar and turbulent natural
convection flow between two vertical concentric cylinders
were studied. The results show that the increase of Ray-
leigh number promotes turbulence in the flow and
enhances heat transfer. Interesting new results are
obtained in the presence of the magnetic field. The turbu-
lence suppression, due to the increase of the magnetic
field, and its effect on the heat transfer characteristics
were determined. The initially fully turbulent flow and
temperature fields for small values of Ha, acquire
quasi-periodic features with increasing magnetic field,
while for large enough values of Ha even laminar flow
appears. The presence of a strong magnetic field results
in the formation of wakes parallel to its direction, in
the regions close to the walls of the internal and external
cylinders. Thus, in all cases studied here, the increase of
the magnetic field results in the domination of conduc-
tion over convective heat transfer.

Although expensive, 3D direct numerical simulations
are useful in determining accurately the features of the tur-
bulent regime and the transitional flow when the magnetic
field increases. In addition to the 3D nature of turbulence,
the magnetic field has the tendency to form narrow Hart-
mann layers that can be a function of the azimuthal angle.
Thus, 3D jets and wakes are inherent to these MHD flows,
producing asymmetries even in the laminar regime. How-
ever, these are the expected working conditions of the
liquid metal fusion blanket, which has been the motivating
application of the present work.
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